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A message passing perspective
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Data assimilation

Suppose we’re given a model for e.g. vehicle tracking




Data assimilation
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Data assimilation

We observe some data




Data assimilation

p(2) - Prior belief of state ... Intractable in most situations

p(y|z) - Observation likelihood * No closed-form expression generally

p(y|2p(2) * Curse of dimensionality
Jp(y|2)p(2)dz

(z]y) =

Prior p(z) Likelihood p(y | 2) Posterior p(z|y)



Message passing

Exploiting the “sparsity” of the underlying problem structure
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Hidden Markov model Markov random fiela




Message passing
Exploiting the sparsity of the underlying graph

/ Observe

A—Q.

O

Belief Propagation (Pearl '82):

Algorithm to efficiently compute marginals p(z;|y) by passing “messages”
between nodes

Pearl, Judea. Proceedings of the Second National Conference on Artificial Intelligence, 1982
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Message passing
Exploiting the sparsity of the underlying graph
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Example: Kalman filtering/smoothing

Assume: Linear dynamical system + linear observation operator

Po lyp(Ee)y3) PplElye)ys) (2ol yis¥2)y3) (25| yis Yo, ¥3)

D=E0=0=0
) t )

Then, the Kalman filter/smoother are special cases of belief propagation!




lterative nonlinear state
estimation using approximate EP

Sanket Kamthe* So Takao* Marc Deisenroth Shakir Mohamed
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Kamthe, Takao, Deisenroth, Mohamed. Transactions of Machine Learning Research, 2022



Nonlinear data assimilation

Nonlinear

| —f(Z)+8 ZON/V(maC)

f E j f
YV, = h(Zn) +}/]n9 n = 1,...,N @ » Zl >)

No closed-form solution exists for p(z,, | y{.x)--.

However, various Gaussian approximations exists (e.g. EXKS, UKS, EnKS, ...)



Framework for Gaussian filters/smoothers

Generally, Gaussian approximate filters/smoothers can be obtained via Gaussian
approximations to p(z,_1> 2, | Yi.n—1)> PZps Yn | Y1n=1)> P> Zy1 | Y1:0)”

/—~ P(Zp_1s 2 | Y11
~

Use Gaussian
marginalisation to get

p(zn | yl:n—l)

p(Zn’ n+1 |y1:n) - \

> n_y

\—_

Gaussian conditioning yields
p(Zn | ntls yl:n)
= P(Zy | 2y 1> Y1:0)-

\—

_/

p(zrp yn | yl:n—l)

NI

Then, we get

p(Zn |y1:N) — Jp(zn | nt1 yl:N)p(Zn+1 |y1:N)dZn+1

Use Gaussian
conditioning to get

p(Zn | yl:n)

*Deisenroth and Ohlsson. Proceedings of the American Control Conference, 2011



e EXplicit linearisation

Extended Kalman

filter/smoother

Sample from
joint distribution

e Ensemble method

Ensemble Kalman

filter/smoother

y=fx)+e

_ SSNye
W2Ss,
S

Explicitly linearise
forward map

—

Fit Gaussian
to samples

—

Methods for Gaussian projection

|y =fl) + 1) - x + e

— f(x)
----- f(x) linearised

T T T T T T T T T
-4 -3 -2 -1 0 1 2 3 4




Can we find “better’” Gaussian
projections to improve approximations?




Variational inference

Find g(z,) = p(z, | y;.n) for g in a sub-family of densities (e.g. Gaussians)
such that it minimises KL(g | |p) or KL(p | | g)
Expectation Propagation (EP)*

g* = argmin KL(p || g),
ge®

Equivalent to moment matching

(.e., mean & covariance)

*Minka, Thomas. UAI, 2001



Expectation Propagation (details)

Consider decomposition

f(Z) f(z)
@ 95 (2,) @ q4(2,) O p(zn‘ylzN) chb(zn) fA(Zn) fq(zn)

fulaa) 1] 9600 and g of the form
@ Q(Zn) X QD(Zn) QA(Zn) Q<](Zn)

Step 1: ¢* = argmin KL(/.qg.q4||g)

qgeEZ

q7*(z,)

Step2: ¢, (z,) « ———
g QA (Zn) Q<] (Zn)



Expectation Propagation (details)

Assume

f(Z) f(z)
@ 95 (2,) @ q4(2,) O p(zn‘ylzN) chb(zn) fA(Zn) fq(zn)

e | and consider ¢ of the form
@ Q(Zn) X QD(Zn) QA(Zn) Q<](Zn)

Step 1: ¢* = argmin KL(q,. /.94 |g)

qeEYG

q7*(z,)

Step2: ¢,(z,) « ———
§ q5(2,)q4(2,)



Expectation Propagation (details)

Assume

fD(Z ) fq(z )
@ q5(2,) @ q4(z,) Q p(zn ‘ yl:N) chb(zn) fA(Zn) fq(zn)

fa@) 1| 9a(z) and consider g of the form

@ Q(Zn) X QD(Zn) QA(Zn) Q<1(Zn)

Step 1: ¢* = argmin KL(q,q,/,||g)

qeEYG

q+(z,)
QI> (Zn)QA (Zn)

Step2: ¢_(g,) <

Can iterate to get better approximations!



Approximate EP algorithm




Approximate EP for State Estimation

p(z, | yi-n) & p(z, |Y1:n—1) pOy, | Z,) p(yn+1:N| Z,)

——) \—— )\ mm—  —
fD(Zn) ~ qD(Zn) fA(Zn) ~ QA(Zn) fd(Zn) ~ Q<](Zn)

Updating the forward message ¢ (z,):

q* = argmin KL(f,q,q4||q) Hence, we get
qeEY —— Filtering distribution . (Z ) ( C]*(Zn)
15z = Pz, | y1-1) = [p(zn | 24— DP(Zpy | Y1:0-1)dZ, T 4a(2)94(z)
N Jp(zn ‘ Zn—l)QD(Zn—I)QA(Zn—l)dZn—l ~ pG(Zn) q%/(l{) q%)

- q?%@) q.42,)

~ JPG(ZH—l’ Zn)dzn_l — pG(Zn)
N

Gaussian approx.



Approximate EP for State Estimation

p(z, | yi-n) & p(z, |Y1:n—1) pOy, | Z,) p(yn+1:N| Z,)

——) \—— )\ mm—  —
fD(Zn) ~ qD(Zn) fA(Zn) ~ QA(Zn) fd(zn) ~ Q<](Zn)

Updating the upward message ¢,(z):

g* = argmin KL(q, f,.q4| | q) Trick-
qgeEYG . .
Moments of f(7)g(z) with Gaussian g(z) can be
%(Zn) fi(z,)q <](Zn) — %(Zn) Py, |z,) Q<1(Zn) calculated from derivatives of the log-partition

function log Z w.r.t. the moments of g(z).*

/, = qu(zn)p(yn | Z,,) Q<1(Zn)dzn

~ Jp G(y n’ Zn)dzn
\

Gaussian approx.
*Minka, Thomas. PhD thesis, 2001



Approximate EP for State Estimation

p(z, | yi-n) & p(z, |Y1:n—1) pOy, | Z,) p(yn+1:N| Z,)

—— —) \—— —— \— | —
@) = a.(z) fa@) ®qaz) [z R a4(z,)

Updating the backward message ¢_(z,):

g* = argmin KL(q,q,/ .|| q) Z, = Jq><zn>qA<zn>f<<zn>dzn

qgeEYG
~ J'qb(zn)QA(Zn) < JQA(Zn+1)q<1(Zn+1)p (Zn+1 ‘ Zn)dzn+1> dZn
f<l(Zn) — p(yn+1:N‘ Zn) — Jp(yn+1:N | Zn+l)p(zn+1 ‘ Zn)dzn+l — J ( Jp(zn+l | Zn)qb(zn)qA(Zn)dZn> qA(Zn+1) qq(zn+1)dzn+l

~ J'QA(Zn+1)Q<1(Zn+1)p(Zn+1 ‘ Zn)dzn+1 ~ J' ( JPG(ZH’ Zn+1)dzn> QA(Zn+1) Q<1(Zn+1)dzn+l
\

Gaussian approx.



Nonlinear Gaussian filtering/smoothing is approximate EP!

q io)(%)

Theorem
* Nonlinear Gaussian filtering = single forward pass of approximate EP

* Nonlinear Gaussian smoothing = single forward-backward pass of approximate EP
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Nonlinear Gaussian filtering/smoothing is approximate EP!

q;”<z3> 1><z4> q§><z5>
1)(2 ) 1)(2 ) 1)(z )
T 4, (2) () qi”(z) T qi”(a) T " (zs)

* [Nonlinear Gaussian filtering = single forward pass of approximate EP

Theorem

* Nonlinear Gaussian smoothing = single forward-backward pass of approximate EP
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Nonlinear Gaussian filtering/smoothing is approximate EP!

Theorem

* Nonlinear Gaussian filtering = single forward pass of approximate EP

* |Nonlinear Gaussian smoothing = single forward-backward pass of approximate EP




Path to iterated smoother

By iterating further, can we get better results?

Related works: Bell (1994), Yoma & Heskes (2003), Bocquet & Sakov (2013)

Results on a toy nonlinear problem:

8- — EP — EP
O I U UKF S B e UKF
Model: 7--1 ~—— UKS -== UKS
x,  25x, ,
X, =—+ 5 + 8cos(1.2¢) + ¢, ” | A ﬂ ”

" 22 1 + x2 %’6' R/l\ \/\N 26\ ”
Vo =+ 1, > .
) : \M/V /\/\/\ﬂ V UM\J\ u/

(Used unscented transform for Gaussian approx.)

10 20 30 40 50 10 20 30 40 50
EP lterations EP lterations

Bell. IEEE, 1994
Ypma and Heskes. IEEE, 2003
Bocquet and Sakov. RMets, 2013

Promising, but unfortunately quite unpredictable...



Damped updates and Power EP

Damped updates:

VB objective D, (ql||p) EP objective
q"" =argmin KL(f.q;|1q), i€{>,a,d} —— ————
= KL(q||p) H(q,p) KL(p||q)
ld l—y —
q""(z,)'q"(z,) . o o
q.(z,) < < —— for some y € (0,1] ’ =1 1
Q\i(zn)
Power EP*:

|
Minimise a-divergence** D (p || q) = 1 (1 — [p(z)“q(z)l‘“dz> fora € (0,1)
a(l — a

We can derive novel Kalman-type updates via Approximate Power EP!

*Minka, Thomas. Microsoft Technical Research Report, 2004

“*Zhu and Rower. Technical Report, 1995



Results




Results

81 — EP (a=1.0,y=1.0) — EP (a=1.0,y=1.0)
! EP with damping (a =1.0, y=0.9) 8-‘ EP with damping (a =1.0, y =0.9)
/- - Power EP with damping (¢ =0.9, y=0.9) - Power EP with damping (d=0.9, y=0.9)
V w V
0 6- ﬂ T\/ — 6- *
S = *
o 5- \J\A /\N -
- \V
LAY Al
3- 5. :
10 20 30 40 50 10 20 30 40 |

EP Iterations EP Iterations




New Kalman smoother based on the a-divergence can get better results!

w
K4 ~§
¢ o0 - ~

e o . ~~

LR 4 )\ .~

L4
L4
L4
L4
L4
L4
L4
L4
L4
L4
‘ L4

Xn+1 Xn 2 [
Xn+l | = (a)n) Xn| +&p Y= arctan ol _ + 1,
Wy 41 w " 0

n

Bearings-only tracking

Position (x) Velocity (x)

Angular velocity (w)

RMSE MNLL RMSE MNLL RMSE MNLL
EKS 43.1 £5.5 11.0+1.2 11.1+24 11923 144+0.35 —2.80+%0.27
EP 43.1 £5.5 11.0+1.2 11.1+24 11923 144+0.35 —2.80+%0.27
Power EP (« =0.8) 36.8+58 965+0841 982+214 11.9+31 126+031 -3.00+0.14
Power EP (« =0.6) 36.8+59 962+083 980+213 121+33 126+033 -299+0.16
Power EP (¢ =0.4) 36.7+59 961+083 979+212 121+33 126+033 -299+0.16
Power EP (« =0.2) 36759 961+082 978+211 122+33 126+033 -299+0.16

For approximate EP / Power EP, the results are for 50 iterations



Lorenz 96 (with quadratic observations)

...another example where iterating can help

%:(Xm— S —x+F, i=1,...,d, 0 " 15 0 0 2
25 25 25
Yi = xiz T 7
50 50 50
n
£ 75 75 75
d= 20 RMSE NLL =
© 100 100 100
UKS 0.95 = 0.09 —9.33 +1.19 g
EP 0.84 4+ 0.05 —11.0£0.74 8 125 125 125
Power EP ((X = 0.8) 0.82 +0.04 —11.3 +0.5
Power EP (« =0.1) 0.874+0.12 —10.5+£2.2 150 150 150
d = 200 RMSE NLL 175 175 175
UKS 4.47 +0.17 8.72+4.13
EP 2.95 £ 0.05 —89.0 £ 1.67
Power EP (o = 0.8) 2.80+0.04 —103.0+1.0 CLD Sl bl
Power EP (¢ =0.1) 2.61+0.03 —-111.0+1.0 me me me
Ground truth UKS error Approx. EP error (10 iters)

Results are displayed for 10 iterations



Summary

* We propose an approximate EP scheme for nonlinear data assimilation
* This strictly generalises nonlinear Gaussian filters/smoothers
* By storing messages, can derive iterative extensions of known smoothers

* Convergence can be aided by damping

* Also possible to develop new filters/smoothers based on a-divergence
Limitations:

* Results are mostly heuristic (e.g. no convergence guarantees)

* Does not scale to high dimensions due to the need for storing messages

» Restricted to Gaussian family. Can we go beyond this using e.g. score matching?



