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In this talk

@ Existence of equilibria to complex nonlinear network

o Before control we should study the existence of equilibria

e Control theorists prefer to skip it (perhaps rightfully so)

e Many fundamental questions are unanswered

e Motivated by sustainability in the context of energy networks

@ Two parts of this presentation

e DC power grids (past work)
e Hydraulic component of district heating grids (ongoing work)
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DC power grids and power flow feasibility
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@ Part | based on two part paper in IEEE Transactions on Automatic Control (Jan 2023)

DC power grids with constant-power loads—Part I:
A full characterization of power flow feasibility,
long-term voltage stability and their correspondence

Mark Jeeninga*, Claudio De Persis’, Arjan van der Schaftf

DOI 10.1109/TAC.2022.31570
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DC power grids with constant-power loads—Part II:
Nonnegative power demands, conditions for
feasibility, and high-voltage solutions

Mark Jeeninga*, Claudio De Persis’, Arjan van der Schaft®

DOI 10.1109/TAC.2022.31768
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Power flow feasibility - an brief overview

@ At steady state, we need to satisfy power demands in the network

@ Power flow (PF) equations
Py =Y [VillVjl(Gijcos(¢i — ;) + Bij sin(¢i — ¢;))
J
Qi = Y _IVillV|(Gyj sin(¢i — ¢;) — Bij cos(¢i — ¢5))
J

@ Sustained mismatch leads to voltage collapse, blackouts

@ Nonlinear equations:
existence of solutions, non-uniqueness of solutions, finding desirable solutions.
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Power flow feasibility - approaches

@ Classical problem: Research since 1960's
@ Convex relaxations of PF equations
@ Approximations and simplifications of PF equations (many flavors)

DC current flow (“DC power flow approximation”)
Active-reactive decoupling
DistFlow

@ Excellent survey of Molzahn & Hiskens (2019)

@ In general: A fundamental understanding of the PF equations is lacking
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Power flow feasibility - feasibility and finding solutions

@ Necessary conditions (Barabanov et al. (2016))
@ Root finding approaches

e Newton-Raphson and variations
e Technical conditions on convergence, problem of overshoot

@ Fixed point approaches

o Bolognani & Zampieri (2015), Simpson-Porco et al. (2016), Xia et al. (2022), ...
e Computable sufficient conditions for feasibility

@ Approach using convergence of monotone systems
e Matveev et al. (2020) (DC power grids)

@ Stability and high-voltage solutions? Only partial answers.
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“If we don't understand the power flow in DC power grids, there is no hope for the
AC case”

@ Applications with constant-power components
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The special case of DC power grids

@ DC power grids are a special subclass of AC power grids

“If we don't understand the power flow in DC power grids, there is no hope for the
AC case”

@ Applications with constant-power components

e ships, aircraft, spacecraft, ...
e DC microgrids and smart grids
o High-voltage direct current (HVDC) lines (grids?)
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The DC power grid model
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Mark Jeeninga - Lund University Part 1: DC power grids and power flow feasibility



The DC power grid model

DC power grid at steady state = model as resistive circuit

n loads, m sources

Mark Jeeninga - Lund University Part 1: DC power grids and power flow feasibility



The DC power grid model

DC power grid at steady state = model as resistive circuit

n loads, m sources
Kirchhoff matrix Y € R(ntm)x(n+m).

ZkNiGik ifi=3j
Y;j:: —Gij |f@7éjandz~j
0 ifi#jandiqgyj

with line conductances G;; > 0
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The DC power grid model
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Kirchhoff matrix Y € R(ntm)x(n+m).

ZkNiGik ifi=3j
Y;j:: —Gij |f@7éjandz~j
0 ifi#jandiqgyj

with line conductances G;; > 0

Voltage potentials
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The DC power grid model

DC power grid at steady state = model as resistive circuit

n loads, m sources
Kirchhoff matrix Y € R(ntm)x(n+m).

ZkNiGik ifi=3j
Y;j:: —Gij |f@7éjandz~j
0 ifi£jand i j

with line conductances G;; > 0

%3 Iy i Yis) (VL
V = > (D I = =

Voltage potentials Currents flowing into network at nodes
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The DC power grid model
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The DC power grid model

Injected power at the nodes: P = [V|Z ([x] := diag(x1, ..., 2n))
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The DC power grid model

Injected power at the nodes: P = [V|Z ([x] := diag(x1, ..., 2n))
Y = G%II: ij;:) and Vg are known

Open-circuit voltages:

V]j = —YLL_IYL3VS
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The DC power grid model

Injected power at the nodes: P = [V|Z ([x] := diag(x1, ..., 2n))
Y = G%II: ij;:) and Vg are known

Open-circuit voltages:

V]j = —YLL_IYL3VS
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The DC power grid model

Injected power at the nodes: P = [V|Z ([x] := diag(x1, ..., 2n))
Y = st“]; ij;:) and Vg are known

Open-circuit voltages:

V]j = —YLL_IYL3VS

Vi, = V" if and only if Z;, = 0.

Pr, = [VL]YLL(VL — V") Power flow feasibility problem: For which constant power demands
P. € R" does there exists an operating point Vi, > 0 so that

P.=—P, = [VL]YLL(VfF = WL).
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Inverting the problem: voltage-power correspondence

VilYin(Vo = V) + P =0
Common approaches:
@ Root finding

@ Fixed-point methods
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Inverting the problem: voltage-power correspondence

VLYoo (V = V) + P =0
Common approaches:
@ Root finding
@ Fixed-point methods
Here: We define the voltage-power correspondence
Pe(VL) = [VuYin(Vi — V1)

and want to identify the range of P.(17).
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Inverting the problem: voltage-power correspondence

VYoo (Vo = V) + P. =0
Common approaches:
@ Root finding
@ Fixed-point methods

Here: We define the voltage-power correspondence
Pe(V) = Vi]Yuu (Ve — V1)

and want to identify the range of P.(V7). We define the feasibility set

]-':z{ﬁc

I, >0: (1) = P, }
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Inverting the problem: voltage-power correspondence

VilYoo(V = Vi) + P. =0
Common approaches:
@ Root finding
@ Fixed-point methods

Here: We define the voltage-power correspondence
Pe(V) = Vi]Yuu (Ve — V1)

and want to identify the range of P.(V7). We define the feasibility set

]-':z{ﬁc

I, >0: (1) = P, }
We say 13C is feasible if 13C e F.

Note: feasibility is a property of all system parameters, not only demands
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Set of feasible power demands - example

0.6 - B
0.4} 4
0.2 B

nd

0

—02} 4
—0.4 1 -

—08 L L L L L L L L
—08 —06 —04 —-02 0 02 04 06 08 1 12 14

Mark Jeeninga - Lund University DC power grids and power flow feasibility



Jacobian of the voltage-power map

P(Vi) = [Vi]Yi (Ve — V1)
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Jacobian of the voltage-power map

Pe(Vi) = [Vi]Yin (Vi — W)
Jacobian given by

0P,
oW,

(V) = Yoo (Ve — V)] = [Vi]YiL
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Jacobian of the voltage-power map

Pe(Vi) = [Vi]Yin (Vi — W)
Jacobian given by

0P,
oW,

We define

D:z{VL

the long-term voltage stable operating points.

(V) = Yoo (Ve — V)] = [Vi]YiL

OP. . .
a—VL(VI) is Hurwitz }
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Jacobian of the voltage-power map

Pe(Vi) = [Vi]Yin (Vi — W)
Jacobian given by

SEE(A) = DLV - Vi)l - DY

We define

D:z{VL

the long-term voltage stable operating points.

OP. . .
a—VL(VI) is Hurwitz }

Capture the “increasing load = decreasing steady state voltages’-phenomenon
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Properties of the Jacobian
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Properties of the Jacobian

It can be shown that

@ If 11, > 0, then Z5=(17,) is Metzler and irreducible;
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Properties of the Jacobian

It can be shown that

@ If 11, > 0, then Z5=(17,) is Metzler and irreducible;

@ The following are equivalent:

° gﬁg(VL) is Hurwitz stable;

8PC -1 . s,
av= (Vi)™ is a negative matrix;

OP, . . .
av- (V1) is a nonsingular M-matrix.
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Properties of the Jacobian

It can be shown that

@ If 11, > 0, then Z5=(17,) is Metzler and irreducible;

@ The following are equivalent:

OP,

v (V1) is Hurwitz stable;
%(VL)* is a negative matrix;

oP,
L

o —5=(V1) is a nonsingular M-matrix.

Hence,
oP,
D =< Vi, | — ——(V1) is a nonsingular M-matrix
oL,

@ We can parametrize the boundary of D by the set

{ AE R;L@ | [)\]YLL + YLLP\] is pos. def. }
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The convex hull of F

Result of Barabanov et al. (2016):
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The convex hull of F

Result of Barabanov et al. (2016):

A power demand satisfies P. € F only if there does not exists A > 0 such that

(YLL Al + AYiL [A]YisVs

(Ysts)T[)\] 2)\TPC ) is positive definite. (1)

Mark Jeeninga - Lund University Part 1: DC power grids and power flow feasibility



The convex hull of F

Result of Barabanov et al. (2016):

A power demand satisfies P. € F only if there does not exists A > 0 such that

(YLL Al + AYiL [A]YisVs

(YLsVS)T[)\] 2)\TPC ) is positive definite. (1)

This gives a description of the closure of the convex hull of F.
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The convex hull of F

Result of Barabanov et al. (2016):

A power demand satisfies P. € F only if there does not exists A > 0 such that

(YLL Al + AYiL [A]YisVs

(YLsVS)T[)\] 2)\TPC ) is positive definite. (1)

This gives a description of the closure of the convex hull of F.

We show that this is necessary condition is also sufficient.
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The convex hull of F

Result of Barabanov et al. (2016):

A power demand satisfies P. € F only if there does not exists A > 0 such that

(YLL Al + AYiL [A]YisVs

(YLsVS)T[)\] 2)\TPC ) is positive definite. (1)

This gives a description of the closure of the convex hull of F.

We show that this is necessary condition is also sufficient.
Consequently, F is convex and closed.
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Necessary and sufficient condition for power flow feasibility - example

1

0.8
0.6
0.4

0.2

0

—0.2

—0.4

—0.6 =acl(conv((F)) |

—08 L L L L L I I I
—08 —06 —04 —-02 0 02 04 06 08 1 12 14

Pc,l

Prax is the vector of power demands that maximizes ). (F.);.
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On the boundary of feasibility

We show that this is necessary condition is also sufficient.

Sketch of the proof:
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On the boundary of feasibility

We show that this is necessary condition is also sufficient.

Sketch of the proof:

1. First study the boundary
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On the boundary of feasibility

We show that this is necessary condition is also sufficient.

Sketch of the proof:
1. First study the boundary

2. There is a one-to-one correspondence between the boundary of D and the boundary of
cl(conv(F)).
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On the boundary of feasibility

We show that this is necessary condition is also sufficient.

Sketch of the proof:
1. First study the boundary

2. There is a one-to-one correspondence between the boundary of D and the boundary of
cl(conv(F)).

3. Show that there are no “holes” or “pockets” in the set F

Part 1: DC power grids and power flow feasibility
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Finding the operating point - example

Sh
S

0. L L L L L L I
'%JA 0.5 0.6 0.7 0.8 0.9 1 11 0 0.2 0.4 0.6 0.8

Via P..
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Finding the operating point - example
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Finding the operating point - example

Sh
S

0. L L L L L L I
'%JA 0.5 0.6 0.7 0.8 0.9 1 11 0 0.2 0.4 0.6 0.8

Via P..

0= (GEam)

~ stays within D since the boundaries are one-to-one.
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One-to-one correspondence for power flow feasibility

Consequences
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One-to-one correspondence for power flow feasibility

Consequences

@ There is a one-to-one correspondence between cl(D) and F
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One-to-one correspondence for power flow feasibility

Consequences
@ There is a one-to-one correspondence between cl(D) and F

@ We can find the 1/, corresponding to P, by solving the IVP ~ : [0,1] — R™,

We have (1) = V1.
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One-to-one correspondence for power flow feasibility

Consequences
@ There is a one-to-one correspondence between cl(D) and F

@ We can find the 1/, corresponding to P, by solving the IVP ~ : [0,1] — R™,

We have (1) = Vi

@ The set F is closed and convex.
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Necessary and sufficient condition for power flow feasibility
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Necessary and sufficient condition for power flow feasibility

A power demand satisfies P, € F if and only if there does not exists A > 0 such that

Q= <YLL[)\] + [AYL  [AJYisVs

(YisV5) T[] ONT P, ) is positive definite.

Similarly, P. € int(F) if and only if Q is never positive semi-definite.
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Necessary and sufficient condition for power flow feasibility

Theorem

A power demand satisfies P, € F if and only if there does not exists A > 0 such that

Q= <YLL[)\] + [AYL  [AJYisVs

(YisV5) T[] ONT P, ) is positive definite.

Similarly, P. € int(F) if and only if Q is never positive semi-definite.

Packages like MOSEK solve this problem and its dual, to assess (in)feasibility.
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High-voltage solutions and bifurcations
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High-voltage solutions and minimizing dissipation

Definition

A high-voltage (HV) solution is an equilibrium V7, such that for all other equilibria V> we have
(Vi2)e < (V)i
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High-voltage solutions and minimizing dissipation

Definition
A high-voltage (HV) solution is an equilibrium V7, such that for all other equilibria V> we have
(V)i < (VL)s-

The HV solution minimizes the dissipation among all equilibria.
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High-voltage solutions and minimizing dissipation

Definition
A high-voltage (HV) solution is an equilibrium V7, such that for all other equilibria V> we have
(V)i < (VL)s-

The HV solution minimizes the dissipation among all equilibria.

Theorem

If an operating point V1 satisfies one of the following properties, it satisfies all of them:
@ Vi is semi-stable (i.e., Vi, € cl(D));
Vi is the unique long-term voltage semi-stable operating point associated to B,
V1 is dissipation-minimizing;

°

°

@ UL is the unique dissipation-minimizing operating point;
"]

V.isa high-voltage solution;

Mark Jeeninga - Lund University Part 1: DC power grids and power flow feasibility



High-voltage solutions and minimizing dissipation

Definition

A high-voltage (HV) solution is an equilibrium V7, such that for all other equilibria V> we have
(Vi2)e < (V)i

The HV solution minimizes the dissipation among all equilibria.

If an operating point V1 satisfies one of the following properties, it satisfies all of them:
@ Vi is semi-stable (i.e., Vi, € cl(D));
@ 1 is the unique long-term voltage semi-stable operating point associated to B,
@ 1. is dissipation-minimizing;

@ UL is the unique dissipation-minimizing operating point;

@ V. isa high-voltage solution;

This proves practical wisdom.
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Other work and open questions
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Other work and open questions

@ Plug & play certificates
@ Braess’ paradox: increasing line conductances may lead loss of PF feasibility

@ Distance to infeasibility

Mark Jeeninga - Lund University Part 1: DC power grids and power flow feasibility



Other work and open questions

@ Plug & play certificates
@ Braess’ paradox: increasing line conductances may lead loss of PF feasibility

@ Distance to infeasibility

@ How can we make loads behave such that they guarantee feasibility? (Dynamic pricing
games?)

@ Which dynamics on the loads lead to (global?) convergence in case of feasibility?
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Part 2

Equilibria to district heating systems
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Joint work with

Juan Machado (University of Technology Cottbuss - Senftenberg)

@ Michele Cucuzzella (University of Pavia)

Giacomo Como (Politecnico di Torino - Lund University)

Jacquelien Scherpen (University of Groningen)
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Joint work with

Juan Machado (University of Technology Cottbuss - Senftenberg)
@ Michele Cucuzzella (University of Pavia)

@ Giacomo Como (Politecnico di Torino - Lund University)

@ Jacquelien Scherpen (University of Groningen)

To be presented CDC 2023.
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District heating systems

—>» Producer or consumer
—> Pipeline (warm)

—>» Pipeline (cold)

(O  Junction

@ Transport heat (energy) from producers to consumers
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District heating systems

i,

]
1=
G>®

A

Producer or consumer
Pipeline (warm)
Pipeline (cold)

Junction

OV

@ Transport heat (energy) from producers to consumers

@ Cutting costs by reusing waste heat from industrial processes
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District heating systems

Components:
. @ N

@ Pipes o -
@
—> Producer or consumer
—» Pipeline (warm)
—» Pipeline (cold)
(O  Junction
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District heating systems

Components:
. @ N

@ Pipes e -

@y
e Hot and cold layer

—> Producer or consumer
—» Pipeline (warm)
—» Pipeline (cold)
(O  Junction
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District heating systems

Components:
. @ -

@ Pipes £l an

@y
e Hot and cold layer

—> Producer or consumer

@ Heat exchangers —>  Pipeline (warm)
—» Pipeline (cold)
() Junction
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District heating systems

Components:
@ Pipes
e Hot and cold layer
@ Heat exchangers

@ Pumps, in series with pipes
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Producer or consumer
Pipeline (warm)
Pipeline (cold)
Junction
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District heating systems

Components:
. ® .
@ Pipes . an
@
e Hot and cold layer
—> Producer or consumer
@ Heat exchangers —>  Pipeline (warm)
—» Pipeline (cold)
@ Pumps, in series with pipes O Junction

We only focus on these components, but also valves and storage facilities may be considered.

We assume that the fluid is incompressible and laminar flow in the pipes.
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Pipe flow dynamics and system model

@) > >O
I 7
AN J

B<
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Pipe flow dynamics and system model

U
f—}%
O > 2@
AN v J
A;

@ Each actuated pipe is in series with a pump;
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Pipe flow dynamics and system model

U
f—}%
O > 2@
AN v J
A;

@ Each actuated pipe is in series with a pump;

@ The pressure drop over the pipe and the pump is A;;
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Pipe flow dynamics and system model

U
/—%
O > 2@
AN v J
A

@ Each actuated pipe is in series with a pump;
@ The pressure drop over the pipe and the pump is A;;

@ The pressure drop over each pipe is u;, the control input;
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Pipe flow dynamics and system model

U
/—%
O > 2@
AN v J
A;

@ Each actuated pipe is in series with a pump;
@ The pressure drop over the pipe and the pump is A;;
@ The pressure drop over each pipe is u;, the control input;

@ The pressure drop over the pipe is A; — ug;
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Pipe flow dynamics and system model

U
/—%
O > 2@
AN v J
A;

Each actuated pipe is in series with a pump;

@ The pressure drop over the pipe and the pump is A;;
@ The pressure drop over each pipe is u;, the control input;
@ The pressure drop over the pipe is A; — ug;

@ For unactuated pipes we have u; = 0.
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Pipe flow dynamics and system model

U
/—%
O > 2@
AN v J
A;

Each actuated pipe is in series with a pump;

@ The pressure drop over the pipe and the pump is A;;

@ The pressure drop over each pipe is u;, the control input;
@ The pressure drop over the pipe is A; — ug;

@ For unactuated pipes we have u; = 0.

Nonlinear flow in the pipes given by

4 =—filag;) + A —uy
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Pipe flow dynamics and system model

U
/—%
O > >O
AN v J
A;

Each actuated pipe is in series with a pump;

@ The pressure drop over the pipe and the pump is A;;

@ The pressure drop over each pipe is u;, the control input;
@ The pressure drop over the pipe is A; — ug;

@ For unactuated pipes we have u; = 0.

Nonlinear flow in the pipes given by
¢ = —fi(qi) + Ai — u;

Assumption: f; is strictly monotone, surjective and f;(0) = 0.
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Pipe flow dynamics and system model

U
f—%
O > >O
AN v J
A;

Each actuated pipe is in series with a pump;

@ The pressure drop over the pipe and the pump is A;;

@ The pressure drop over each pipe is u;, the control input;
@ The pressure drop over the pipe is A; — ug;

@ For unactuated pipes we have u; = 0.

Nonlinear flow in the pipes given by
¢ = —fi(qi) + Ai — u;

Assumption: f; is strictly monotone, surjective and f;(0) = 0.
For hydraulic networks we typically have f;(q;) = —k; sign(g:)q?.
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Control goals

Nonlinear flow in the pipes given by

¢ = —fi(qi) + Ai —u;
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Control goals

Nonlinear flow in the pipes given by
¢ = —filq:) + A —u;

There are three types of edges:
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Control goals

Nonlinear flow in the pipes given by
¢ = —filq:) + A —u;

There are three types of edges:

@ Type o Actuated edge to achieve a flow g through the edge;
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Control goals

Nonlinear flow in the pipes given by
G = —filai) + A — u;
There are three types of edges:

@ Type o Actuated edge to achieve a flow g through the edge;

@ Type 3: Actuated edge to achieve a pressure drop A} over the edge;
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Control goals

Nonlinear flow in the pipes given by
¢ = —fi(qi) + Ai —u;
There are three types of edges:
@ Type o Actuated edge to achieve a flow g through the edge;

@ Type 3: Actuated edge to achieve a pressure drop A} over the edge;

@ Type 7: Unactuated edge.
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Control goals

Nonlinear flow in the pipes given by
¢ = —filq:) + A —u;
There are three types of edges:

@ Type o Actuated edge to achieve a flow g through the edge;

@ Type 3: Actuated edge to achieve a pressure drop A} over the edge;

@ Type 7: Unactuated edge.
In particular, at steady state we have

—fi(q;k) +A; ifica

u; = —filg;) + A ifiep
0 ifiexy
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Control goals

Nonlinear flow in the pipes given by
G = —fi(e:) + Ai —
There are three types of edges:
@ Type o Actuated edge to achieve a flow g through the edge;
@ Type 3: Actuated edge to achieve a pressure drop A} over the edge;
@ Type 7: Unactuated edge.

In particular, at steady state we have

—filg)) +A; ifica g =q ifiea
ui = —fila:) +A; ifies — (A =A7 ifiep
0 ifien~ filg)) =A; fiexy

Assumption: There is no coordination between the actuators of ¢ and A7.
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Problem statement

For which placements of the pumps (actuators) does there exist an equilibrium for all choices
of ¢f and A}7
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Problem statement

For which placements of the pumps (actuators) does there exist an equilibrium for all choices
of ¢f and A}7
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
Recast problem as an optimization problem. If a solution exists, it is unique.
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
Recast problem as an optimization problem. If a solution exists, it is unique.

@ Some caveats:
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
Recast problem as an optimization problem. If a solution exists, it is unique.

@ Some caveats:

e Can we prove existence without solving an optimization problem? (We do not need
to know the solution!)
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
Recast problem as an optimization problem. If a solution exists, it is unique.

@ Some caveats:

e Can we prove existence without solving an optimization problem? (We do not need
to know the solution!)
e Which pipes can we actuate to guarantee existence? (Actuator placement)
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
Recast problem as an optimization problem. If a solution exists, it is unique.

@ Some caveats:
Can we prove existence without solving an optimization problem? (We do not need

to know the solution!)
e Which pipes can we actuate to guarantee existence? (Actuator placement)

e A solution to the linear case is non-obvious
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What does the literature say?

@ Minty (1960), Hall (1976), and later:
Recast problem as an optimization problem. If a solution exists, it is unique.

@ Some caveats:
Can we prove existence without solving an optimization problem? (We do not need

to know the solution!)
e Which pipes can we actuate to guarantee existence? (Actuator placement)

e A solution to the linear case is non-obvious
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Some graph theoretic definitions

Some definitions:
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Some graph theoretic definitions

Some definitions:

@ For S C &, a the graph induced by S is the graph composed
of all edges in S together with its incident nodes;
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Some graph theoretic definitions

Some definitions:

@ For S C &, a the graph induced by S is the graph composed
of all edges in S together with its incident nodes;

@ A subgraph is spanning if it contains all nodes of the graph;
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Some graph theoretic definitions

Some definitions:

@ For S C &, a the graph induced by S is the graph composed
of all edges in S together with its incident nodes;

@ A subgraph is spanning if it contains all nodes of the graph;

@ The subgraph T' C & is a tree if it contains no undirected
cycles;

@ If T C £ is a spanning tree, then k € £ is a twig if k € T,
and a chord if k € E\T.
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Some graph theoretic definitions

Some definitions:

@ For S C &, a the graph induced by S is the graph composed
of all edges in S together with its incident nodes;

@ A subgraph is spanning if it contains all nodes of the graph;

@ The subgraph T' C & is a tree if it contains no undirected
cycles;

@ If T C £ is a spanning tree, then k € £ is a twig if k € T,
and a chord if k € E\T.
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Fundamental loop matrix

@ For a spanning tree T' C &, assume that the chords have a lower index than the twigs;
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Fundamental loop matrix

@ For a spanning tree T' C &, assume that the chords have a lower index than the twigs;

@ We have exactly c = e — n + 1 chords;
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Fundamental loop matrix

@ For a spanning tree T' C &, assume that the chords have a lower index than the twigs;
@ We have exactly c = e — n + 1 chords;

@ Adding a chord induces a cycle.
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Fundamental loop matrix

@ For a spanning tree T' C &, assume that the chords have a lower index than the twigs;
@ We have exactly c = e — n + 1 chords;
@ Adding a chord induces a cycle.

We define F' € Re*¢

F =

£1 if 4 lies in the cycle that occurs by adding k, with sign according to orientation
0 if 7 lies in the cycle that occurs by adding k

We have F = (I ‘ F*)
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Fundamental loop matrix - example

N
»

10 -1 -10
F:<010—11>
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Main result

geimF’
FA=0

¢ =q;

A; = A
fila:) = A

(KCL)
(KVL)
fori € a
fori e g
for i € v

}O |
O

=2 ™ R
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Main result

;O [N «
qg€imFT (KCL) 0o s
FA=0 (KVL) 7
q%=q; fori € a
A, =AY forie g
fz(‘]z) = Az fori e Y ;O

o~

There exists an equilibrium (q, A) for each choice of ¢ for i € a and A} for i € 5 if and only
if there exists a subset of edges T C &, such that T forms a spanning tree and 3 C T and

~

a CEN\T. Moreover, (q,A) is unique.
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Main result

>0

[N «
qg€imFT (KCL) 0o s
FA=0 (KVL) 7
¢ =q; forieca
A=A fori € 8
filg:) = A fori ey 0)

Theorem

o~

There exists an equilibrium (q, A) for each choice of ¢ for i € a and A} for i € 5 if and only
if there exists a subset of edges T C &, such that T forms a spanning tree and 3 C T and

~

a CEN\T. Moreover, (q,A) is unique.

| A\

Corollary

The unique equilibrium can be obtained from the solution of a dynamical system & = g(x)
where g is a monotone bijection.
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Main result - example

1
2 > 12
4 17
3 L
a
Flow-regulated edge () 5
Pressure-regulated edge (3)
Unactuated edge in the tree (yNT) L
Unactuated edge not in the tree (yN (£\ T)) 16 913

Node
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Main result - example

Flow-regulated edge ()
Pressure-regulated edge (5) T,

Unactuated edge in the tree (yNT) .,
Unactuated edge not in the tree (yN (£\ T)) 6 913
Node A()

Perhaps unsurprisingly, this coincides with simultaneous cut set and loop analysis.
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Conclusion
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Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.
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Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.

Mark Jeeninga - Lund University Part 2: Equilibria to district heating systems



Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.

@ The equilibrium can be computed by solving an monotone dynamical system.
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Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.
@ The equilibrium can be computed by solving an monotone dynamical system.

Open aspects:
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Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.
@ The equilibrium can be computed by solving an monotone dynamical system.
Open aspects:

@ The problem we are solving is much more general. To what other types of systems is this
actuator placement problem of interest?

Mark Jeeninga - Lund University Part 2: Equilibria to district heating systems



Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.
@ The equilibrium can be computed by solving an monotone dynamical system.
Open aspects:

@ The problem we are solving is much more general. To what other types of systems is this
actuator placement problem of interest?

@ What changes if we also include the thermal layer into the system of equations?
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Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.
@ The equilibrium can be computed by solving an monotone dynamical system.
Open aspects:

@ The problem we are solving is much more general. To what other types of systems is this
actuator placement problem of interest?

@ What changes if we also include the thermal layer into the system of equations?

@ What if not all maps f; are surjective?
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Conclusion

@ We have derived a graph-theoretic condition for the existence of an equilibrium for the
hydraulic part of district heating systems.

@ The equilibrium, if it exists, is unique.
@ The equilibrium can be computed by solving an monotone dynamical system.
Open aspects:

@ The problem we are solving is much more general. To what other types of systems is this
actuator placement problem of interest?

@ What changes if we also include the thermal layer into the system of equations?
@ What if not all maps f; are surjective?

@ And what if we include constant-power loads?
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Thank you for your attention!
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