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Real World Requires Decision-Making that is Fast and Flexible

Fast
« if it breaks indecision as quickly as indecision becomes costly
« requires fast divergence away from indecision in addition to fast convergence to a decision

Flexible
- if it adapts to signals important to successful operation, even if weak or rare
 requires distinguishing these from unimportant fluctuations and

=>» Tunable sensitivity to inputs: parameters for modulating
« regimes in which system is ultrasensitive (for flexibility)
« regimes in which the system is insensitive (for robustness)

Essential: nonlinearity and feedback in the dynamics with analytical tractability
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Fast and Flexible Decision-Making in Natural Networks
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Decision-making on Network Systems

Set of N, agents: V, = {1,..., N,} and set of N, options: V, = {1,..., N,}
« communication network G, = (Va,&€a,Aa), Aa = |ajy] € RNaXNa

 belief system network ~ Go = (Vo, &0, Ao), Ao = [a2] € RVo*No
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Decision-making Modeled as Dynamical Nonlinear Process™

Dynamical process is coupled evolution over time of agents’ decision states:

o agent ¢’s opinion z;; € R of each option j. The more positive (negative) is z;;, the more z is opinion vector

agent ¢ favors (disfavors) option j. When z;; = 0, agent 7 is neutral or undecided about ;.

« agent ¢’s attention u; > 0, which is gain on agent’s observations of opinions u is attention vector

attention network graph Gy = (Va,&u, Au), Au = [af}] € RNaxNa

Process is organized by bifurcations, controlled by feedback, and modulated by network structure

*We focus on the evolution of opinions and attention in continuous time, but a parallel story can be derived in discrete time.




Model-Independent Approach

Model-independent approach relies solely on empirically verifiable assumptions to make testable predictions for
any model or real-world system that verifies (or only weakly violates) them:

Assumption 1: Opinions evolve continuously in time according to a smooth dynamical system.
Any (apparent) discontinuity in opinion-forming behavior is necessarily caused by bifurcation phenomena.

Assumption 2: Opinion formation is a network phenomenon.

Class of dynamical systems that can describe opinion formation determined by theory of network-admissible dynamical systems
Golubitsky M, Stewart |. 2023. Dynamics and Bifurcation in Networks: Theory and Applications of Coupled Differential Equations. SIAM

Using symmetry and equivariant bifurcation theory provides “ground truths” for model building:
« E.qg., for indistinguishable agents and options, any model of opinion formation should be able to transition from consensus to
dissensus through modulation only of the extent of agent cooperativity

Proposed model
« designed to capture model-independent ground truths
« allows model-dependent approaches for broader set of contexts

Franci, Golubitsky, Stewart, Bizyaeva, and Leonard, “Breaking indecision in multiagent multioption dynamics”,
SIAM Journal of Applied Dynamical Systems, vol. 22, no. 3, pp. 1780-1817, 2023
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Nonlinear Opinion Dynamics S
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d;; > 0 damping coefficient

7. > 0 time constant

up > 0  basal level of attention

K, > 0 feedback gain in attention dynamics

S :R — R bounded saturation function with S(0) = 0, §’(0) = 1, .5”(0) # 0

bi; > 0 (bi; < 0) is input’ in favor (disfavor) of option 7. b the input vector

Model can be interpreted as continuous-time recurrent neural network, including finite-

dimensional Wilson-Cowan dynamics and continuous Hopfield networks as special cases. * “input” also includes biases




Opinion exchange and feedback control of attention
determine emergence of
implicit distributed network threshold for formation of strong opinions in response to inputs
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Nonlinear Dynamics (Unlike Linear Dynamics) Exhibit Bifurcations

9 — stable l

--- unstable
Get ultrasensitivity near
1 T N
0.0 ——————F - - - - - - N bifurcation point because
I } along critical subspace
_ \ input-output gain blows up

u* U u* u

Local bifurcation:
change in number/stability of eq. solutions as (bifurcation) parameter varies across critical value (bifurcation point)

At bifurcation point, linearization of dynamics has at least one eigenvalue with zero real part:
» associated eigenspace is the critical subspace that determines the bifurcation center manifold

Near bifurcation point: process is selectively ultrasensitive to input
» responsive to even very small inputs, if inputs excite dynamics along critical subspace
* robust to even very large inputs, if inputs do not excite dynamics along critical subspace

Away from bifurcation point: multiple stable solutions, robust to small uncertainty




Opinion Dynamics of Network Systems and Indecision-Breaking Bifurcation

No inputs Inputs favoring DS1
Y

Decision

0.0 .-
T & p
Decision \

T State 2
u* m u* U

Average attention u is a bifurcation parameter with critical bifurcation value u*
Critical subspace of J(0,u*) is the span of its right null eigenvector v soy = (v, z)

Sensitivity subspace of J(0,u*) is the span of its left null eigenvector w so b = (w, b)

This is proved using Lyapunov-Schmidt reduction and unfolding theory techniques (Golubitsky&Schaeffer, 1985)

Critical subspace and sensitivity subspace described by eigenstructure of A,, A,or A,® A,
So can prove the role of network structure in decision-making behavior

10



Opinion Dynamics of Network Systems and Indecision-Breaking Bifurcation

y=(v,2)
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When u < u*, linear negative feedback dominates and opinions linearly track inputs
« neutral (relatively weak) opinions are stabilized for nonexistent (relatively small) inputs

When u > u*, nonlinear positive feedback dominates and strong and robustly stable opinions form
« neutral (relatively weak) opinions are destabilized even for nonexistent (relatively small) inputs
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Opinion Dynamics of Network Systems with State-Dependent Attention
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Closing the loop between opinion and attention by making attention dependent on opinion state
introduces a source of positive feedback that sharpens the pitchfork and can make it subcritical

Transitions between solutions can be very fast and even switch-like

Distributed network threshold tuned by ug
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Opinion Dynamics of Network Systems with State-Dependent Attention: Two Options

We first take a close look at the case of two options, N, = 2. If the two options are mutually
exclusive, af,,a5; < 0 and an opinion in favor of option 1 can be interpreted as an opinion
in disfavor of option 2, then we can focus on z;1 and let z;2 = —z;1, for all = € V,, Then,
the equations for z;1 and z;2 decouple for every 7 € V, and Equation 1 becomes

N
T = —d;x; + S | wi(aiz: + Z aixTk) | + bi, 3.

k=1
ki

where we have defined z; = z;1, No = N, a:ix = a3, — a;a19, di = d;1, a; = a% — a{s, and

bi = bi1. We let A = [a;x].

N
1 = K o 4
Tull; = —U; +U) + Ny ;1. Ty - .
k=1
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Single Agent Opinion Dynamics

r = —dx + tanh(ux) + b

where d = d;1, u = u;a;, and b;1 = b. We let S(-) = tanh(-) without loss of generality.

1y : ' tanh(ux)
: U

Y

u>d u<d

Equilibria of Eq. 5 for b = 0
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Single Agent Opinion Dynamics

r = —dz + tanh(uzx) + b 5.
where d = di1, u = u;a;, and b;1 = b. We let S(-) = tanh(-) without loss of generality.
Step 1. Lyapunov-Schmidt reduction:
Cdr 4+ tanh(ux) Lh=0 " No inputs Inputs favoring DS1
l Decision b>0
Step 2. Identification: For b = 0, near bif. pt., / State 1 —/
isomorphic to (u — d)y — (u/3)y> = 0, 0.of Neutral % I
normal form for supercritical pitchfork, u* = d \T g)ecision \
tate 2
Step 3. Unfolding theory u U u* U
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Single Agent Opinion and State-Dependent Attention

&t = —dx + tanh(ux) + b
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Single Agent Opinion and Attention Dynamics

t = —dx + tanh(ux) + b B
Tull = —u + uo + Ko’ 6.
Step 1. Lyapunov-Schmidt reduction: b>0
L l l Decision
—d z + tanh((ug + Kyu2?)z) + b= 0 /T/_State 1 /
Step 2. Identification: For b = 0, near bif. pt., . #Neu cral 1 I i\) o _T_ o _———__/‘ —————
isomorphic to (ug — d)z — (K, — ug/3)z> + (K, /3)x® ,—"'1 ! /\
normal form for “quintic” pitchfork, uj = d T\T SDteaCti:ign
uj U up U

Step 3. Unfolding theory
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Two Agent Opinion Dynamics

r1 = —dx1 + tanh(u(az1 + a12z2)) + b1
ro = —dxza + tanh(u(azz + a2171)) + b2. z.

Let b = 0. The neutral state * = 0 1s an equilibrium of Equation 7 for all « > 0, and
the Jacobian evaluated at * = 0 is J = (—d + ua)l + uA, where A is the adjacency matrix
for the two-node network. Let Anax be the eigenvalue of A with largest real part and vimax
and wnax the corresponding right and left unit eigenvectors. .J has largest eigenvalue

* * d
)\/1 — (_d+ ux +'U)\rna.x) —_— (a + )\max)(u —u ), u = o+ A ’ Vll = Vmax> W/1 = Wnax

We expect a supercritical pitchfork bifurcation at the critical point = 0 and v = u™
with two new stable equilibria appearing for ©v > u™ along the center manifold, which at

x = 0 is tangent to critical subspace Ker(J) = v] = Vmax

Lety = (x, Vipax)
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Two Agent Opinion Dynamics
r1 = —dx1 + tanh(u(ax1 + a12z2)) + b1

ro = —dza + tanh(u(azs + a21z1)) + b2. L.

.. (01 _ | 1 (1 B | 1 1
Example: A—(10),)\1—1,V1—%(1),>\2——1,V2—W(_1>

()\mam, Vmax, Wmax) = ()\17 Vi, Vl)

Step 1. Lyapunov-Schmidt reduction:

(y1,92) = T~ Y(x1,12), T = [v1, va]. Rows of T ! are the left eigenvectors wy, wy of A, so

Y1 = (®, W1) = (T, Wnax) = (21 + 22)/V2 and 3 = (®, W2) = (21 — 22)/V2.

y1 = —dy1 + (1/V2)(tanh(@(psy1 + pay2)) + tanh(@(psyr — payz2)) + b1 + b2)
J2 = —dy2 + (1/v2)(tanh(@(psyr + pay2)) — tanh(@(psyr — payz)) + b1 — ba) .

x =Ty = y1v1 + Yo va. Set yo = 0 to restrict to critical subspace Ker(J)= Vyax = Vi:

pS=a+11
9. pdza—l
10. i =u/V2.

U1 ~ —dy; +tanh (u(a+ 1)yi) + (w1, b)

Along critical subspace y = (@, Viax) = y1. = (21 + 22)/V/2

so reduction is —d y +tanh(u(a+1)y) +b =0, b= (Wyax, b) = (W1, b) = (b1 +bs)/V/2
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Two Agent Opinion Dynamics

r1 = —dx1 + tanh(u(ax1 + a12z2)) + b1
ro = —dza + tanh(u(azs + a21z1)) + b2. L.
0 -1 . 1 . 1
Example: A= Lo ) A =1ve= 7% Nk Ap=—1lvi= 5 , (Amans Vimaxs Wimax) = (A1, Va,Va),

Step 1. Lyapunov-Schmidt reduction:

(y1,92) = T~ Y(x1,12), T = [v1, va]. Rows of T ! are the left eigenvectors wy, wy of A, so

Y1 = (®, W1) = (T, Wnax) = (21 + 22)/V2 and 3 = (®, W2) = (21 — 22)/V2.

ps =a+1
91 = —dy1 + (1/V2)(tanh(@(psy1 + pay2)) + tanh(i(psyr — payz)) + b1 + be) 9. pa=a—1
g2 = —dyz + (1/V2)(tanh(@(psy1 + pay2)) — tanh(@(psyr — pay2)) + b1 — b2) . 10. = u/V2

x =Ty = y1v1 + y2Vo. Set y; = 0 to restrict to critical subspace Ker(J)= Vipax = Vo: Y2 & —dy2 + tanh(u(a + 1)y2) + (w2, b)

Along critical subspace y = (&, Viax) = Y2 = (21 — 22)/V/2.

so reduction is —d y +tanh(u(a+1)y)+b =0, b = (Wyax, b) = (Wy, b) = (b; —bs)//2

20



Two Agent Opinion Dynamics
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N Agent Opinion Dynamics 01
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i = (m, Vmax> and b = (Wmaxa b> E ]

Bizyaeva, Franci, and Leonard, “Nonlinear opinion dynamics with tunable sensitivity”,
IEEE Transactions on Automatic Control, vol. 68, no. 3, pp. 1415-1430, 2023.
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N, Agent and N, Option Opinion Dynamics

An indecision-breaking bifurcation typically happens along either
1) product of leading eigenspaces of A,, A, (associated with A;) or

2) leading eigenspace of A, ® A, (associated with Ay)

A is set of ordered pairs (A, i) € 0(A,) X 0(A,) for which Re(\) = Az, Re(i) = timaz
A is set of ordered pairs (A, 1) € 0(A,) X 0(A,) for which Re(Ap) = (Al) maz

We prove conditions on network graph for kind of bifurcation and predict post-bifurcation behavior:

Consider a signed graph G on n vertices.
Class I graph G is switching isomorphic to G’ with eventually positive adjacency matrix A’

Class II graph G is digon-symmetric, strongly connected, and structurally balanced

Bizyaeva, Franci, Leonard, Multi-topic belief formation through bifurcations over signed social networks, arXiv:2308.02755 [physics.soc-ph], 2023
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N, Agent and N, Option Opinion Dynamics

(a) Option 1 Option 2 Option 3

15
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Bizyaeva, Franci, Leonard, Multi-topic belief formation through bifurcations over 5 o WW IAYAWAV)\

signed social networks, arXiv:2308.02755 [physics.soc-ph], 2023
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N, Agent and N, Option Opinion Dynamics
When Options are Indistinguishable
For N, options, the indecision-breaking bifurcations are predicted by equivariant bifurcation
theory for dynamical systems that are equivariant with respect to permuting N, sets of

variables: the agents’ opinions about the NV, indistinguishable options. These bifurcations

are multi-branch generalizations of the pitchfork.
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Franci, Golubitsky, Stewart, Bizyaeva, and Leonard, “Breaking indecision in multiagent multioption dynamics”,
SIAM Journal of Applied Dynamical Systems, vol. 22, no. 3, pp. 1780-1817, 2023
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Applications

Active risk aversion in SIS epidemics on networks
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Leonard, Lipsitz, Bizyaeva, Franci, Lelkes, “The nonlinear feedback Bizyaeva, Odorico, Zhou, Levin, Leonard, “Active risk aversion in SIS
dynamics of asymmetric political polarization,” PNAS, 2021 epidemics on networks,” in prep
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Hu, Nakamura, Hsu, Leonard, and Fisac, “Emergent
coordination through game-induced nonlinear opinion
dynamics”, IEEE CDC, 2023
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Cathcart, Santos, Park, and Leonard, “Proactive opinion- (@) (b) © () @©
driven robot navigation around human movers”, IEEE/RSJ Int.
Conf. on Intelllgent Robots and SyStemS (IROS 23) —&— Robot % Robot Goal = &= Human 1 4=+ Human 2 =@- Qpinion (z,) =& Attention (u,)
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Excitable Decision-Making for Additional Flexibility
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Franci et al, “Excitable decision-making”, in prep.
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N Agent Opinion Dynamics

When leading eigenvalues of A are a complex conjugate pair,
indecision-breaking bifurcation can be a Hopf bifurcation which can lead to sustained oscillations

Two option example:
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Bizyaeva, Franci, Leonard, “Sustained oscillations in multi-topic belief dynamics over signed networks”, Proc. ACC, 2023




