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Challenges

● Positioning: Can we localize/track without anchors e.g., GPS/GNSS?

● Navigation: Can we navigate autonomously in an unknown environment?

● Timing: Can we synchronize clocks without references?

● Calibration: Can we calibrate on-board sensors without references?

● Control: Can we coordinate multi-agent systems using relative state information?

● Communication: How can swarms effectively communicate in remote areas ?

● Learning: Can we learn an unknown trajectory/fields e.g., using Gaussian Processes ?

● . . . and many more!

● In this talk:
● Relative timing of a cooperative mobile network
● Relative positioning/localization of a cooperative mobile network
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Physical principles for sensing time/position

● Time-based sensors Measure precise timing or signal propagation time
→ atomic clocks, crystal oscillators
→ Time-of-Flight (ToF), Time Difference of Arrival (TDoA)

● Inertial sensors Measure motion directly (dead reckoning)
→ accelerometers, gyroscopes, magnetometers (IMU)

● Field-based sensors Measure environmental fields
→ magnetic field sensors, Hall effect sensors, gravity-based systems

● Wave-based sensors Use propagation, reflection, or reception of waves
→ radio (RF: GPS/GNSS, Wi-Fi, Bluetooth, UWB)
→ light (cameras, LiDAR, infrared)
→ sound (ultrasonic sensors, microphone arrays)

● Energy-based methods Infer distance from signal strength attenuation
→ RSSI (Wi-Fi, Bluetooth, RF systems)

● Angle-based methods Estimate direction of incoming signals
→ Angle of Arrival (AoA), Angle of Departure (AoD)
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Measurement techniques for Localization

Figure: Conventional paradigms to localize Mobile Station (MS) with Base Stations (BS) or anchors
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Relative cooperative timing and localization

Figure: Illustration using 4 Nodes.

However, node locations can be known upto a rotation and translation

Apps.: Situational awareness, Interferometry, Relative inference and control, ⋯
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Problem statement: Timing and Localization

Assumptions:
● Consider a set of N = {1, 2,⋯,N} cooperative mobile nodes, in D dimensional space

● Nodes have on-board clocks and consistent dynamics e.g., constant velocity/acceleration/...

● All nodes have K = {1, 2,⋯,K} LOS two-way communications with each other

● No reference for position or time i.e., anchorless network w/ no time/position reference

Problem:
● Estimate the clock offsets {ϕi}i ∈N and skews {ϕ̇i}i ∈N of all N nodes

● Estimate the time-varying positions, velocities and accelerations...

Solution:
● Relative localization and synchronization of anchorless networks

● Estimate Relative kinematics and Reference-free synchronization
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Relative Timing
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Two-Way Ranging

Figure: Timing

Figure: Two-way ranging (TWR)

● Let Cj(ϕj ,Tij,k) be the local clock model at the jth node, where ϕj = {ϕj , ϕ̇j}

● LOS and Fixed distance between nodes i.e., τji,k = τij,k = τij = c−1dij ∀ k ∈ K

● Problem: Given node i is a reference, estimate the clock parameters of the jth node and dij , ı.e.,

min
ϕj ,dij

∥Ci(ϕi ,Tij,k) − Cj(ϕj ,Tji,k) ± τij∥ (1)

● Solution: Least squares, BLUE, MLE,...

Freris et.al., (2010) Fundamental limits on synchronizing clocks over networks
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Generalized Two-Way Ranging (GTWR)

Figure: Timing

Figure: Generalized Two-way Ranging (GTWR)

● Let Cj(ϕj ,Tij,k) be the local clock model at the jth node, where ϕj = {ϕj , ϕ̇j}

● Time-varying distance between nodes i.e., τji,k = τij,k , τij,k = c−1dij,k ∀ k ∈ K

● Trick: Approximate distance dij,k as a Taylor polynomial w.r.t. time

● Given no clock reference, estimate the clock parameters of the jth node and dij,k , i.e.,

min
ϕi ,ϕj ,dij,k

∥Ci(ϕi ,Tij,k) − Cj(ϕj ,Tji,k) + eij ⊙ Gij(ϕi ,ϕj ,dij,k)∥ (2)

where eij is a direction indication vector and Gij(⋅) is a function of space-time.

● Challenge: Ill-posed problem, since a reference is needed to resolve ambiguity.

Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes
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Reference-free Synchronization

● Single clock reference

● Multiple clock references

● Sum based clock reference

● Data-driven clock reference

● Reference-free solutions can never recover absolute true time.

● Which reference is optimal in the Minimum Variance Unbiased Estimate (MVUE) sense ?

● Derive lower bounds (e.g., CRLB) and compare with state of the art methods

Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes
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Simulations: Reference-free Synchronization

Figure: GTWR-ranging based synchronization

Figure: Frequency-augmented synchronization

Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes
Kazaz et al. (2018) Joint ranging and clock synchronization for dense heterogeneous IoT networks

Abel et.al., (2022) Frequency augmented clock synchronization for space-based interferometry

How much improvement does sum reference offer compared to any arbitrary reference ?
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Simplified clock model

Consider a network of N clocks, where each collects K ≥ N measurements

Linear Gaussian model: The measurements of the nth clock are denoted by

yn = sn + θn1K + ηn ∀1 ≤ n ≤ N (3)

where sn is the true clock, θn is the unknown offset and ηn is the noise

Extending the model for all N sensors we have

y = s + (IN ⊗ 1K)θ + η = s +Hθ + η (4)

where

y = [yT1 , yT2 ,⋯, yTN ]T , s = [sT1 , sT2 ,⋯, sTN ]T

θ = [θ1, θ2,⋯, θN]T , η = [ηT
1 ,η

T
2 ,⋯,η

T
N ]

T ∼ N(0,Σ⊗ IK)

Given the measurements y, and unknown s,
Can we estimate the unknown θ without an external reference ?
What is an optimal estimator (or reference) for such a problem ?

16 / 35



Simplified clock model

Consider a network of N clocks, where each collects K ≥ N measurements

Linear Gaussian model: The measurements of the nth clock are denoted by

yn = sn + θn1K + ηn ∀1 ≤ n ≤ N (3)

where sn is the true clock, θn is the unknown offset and ηn is the noise

Extending the model for all N sensors we have

y = s + (IN ⊗ 1K)θ + η = s +Hθ + η (4)

where

y = [yT1 , yT2 ,⋯, yTN ]T , s = [sT1 , sT2 ,⋯, sTN ]T

θ = [θ1, θ2,⋯, θN]T , η = [ηT
1 ,η

T
2 ,⋯,η

T
N ]

T ∼ N(0,Σ⊗ IK)

Given the measurements y, and unknown s,
Can we estimate the unknown θ without an external reference ?
What is an optimal estimator (or reference) for such a problem ?

16 / 35



Simplified clock model

Consider a network of N clocks, where each collects K ≥ N measurements

Linear Gaussian model: The measurements of the nth clock are denoted by

yn = sn + θn1K + ηn ∀1 ≤ n ≤ N (3)

where sn is the true clock, θn is the unknown offset and ηn is the noise

Extending the model for all N sensors we have

y = s + (IN ⊗ 1K)θ + η = s +Hθ + η (4)

where

y = [yT1 , yT2 ,⋯, yTN ]T , s = [sT1 , sT2 ,⋯, sTN ]T

θ = [θ1, θ2,⋯, θN]T , η = [ηT
1 ,η

T
2 ,⋯,η

T
N ]

T ∼ N(0,Σ⊗ IK)

Given the measurements y, and unknown s,
Can we estimate the unknown θ without an external reference ?
What is an optimal estimator (or reference) for such a problem ?

16 / 35



Simplified clock model

Consider a network of N clocks, where each collects K ≥ N measurements

Linear Gaussian model: The measurements of the nth clock are denoted by

yn = sn + θn1K + ηn ∀1 ≤ n ≤ N (3)

where sn is the true clock, θn is the unknown offset and ηn is the noise

Extending the model for all N sensors we have

y = s + (IN ⊗ 1K)θ + η = s +Hθ + η (4)

where

y = [yT1 , yT2 ,⋯, yTN ]T , s = [sT1 , sT2 ,⋯, sTN ]T

θ = [θ1, θ2,⋯, θN]T , η = [ηT
1 ,η

T
2 ,⋯,η

T
N ]

T ∼ N(0,Σ⊗ IK)

Given the measurements y, and unknown s,
Can we estimate the unknown θ without an external reference ?

What is an optimal estimator (or reference) for such a problem ?

16 / 35



Simplified clock model

Consider a network of N clocks, where each collects K ≥ N measurements

Linear Gaussian model: The measurements of the nth clock are denoted by

yn = sn + θn1K + ηn ∀1 ≤ n ≤ N (3)

where sn is the true clock, θn is the unknown offset and ηn is the noise

Extending the model for all N sensors we have

y = s + (IN ⊗ 1K)θ + η = s +Hθ + η (4)

where

y = [yT1 , yT2 ,⋯, yTN ]T , s = [sT1 , sT2 ,⋯, sTN ]T

θ = [θ1, θ2,⋯, θN]T , η = [ηT
1 ,η

T
2 ,⋯,η

T
N ]

T ∼ N(0,Σ⊗ IK)

Given the measurements y, and unknown s,
Can we estimate the unknown θ without an external reference ?
What is an optimal estimator (or reference) for such a problem ?

16 / 35



Blind clock synchronization

● Let S = [s1, s2,⋯, sN] be a K ×N matrix, which lies in an r−dim. subspace r < N

● Assume Γ to be a known (N − r) ×N projection matrix such that SΓT = 0, then

(Homogeneity1)

(Γ⊗ IK)vec(S) = Γ̄s = 0 (5)

Substituting s = y −Hθ + η, we have

Γ̄y ∼ N(Γ̄Hθ, Γ̄(Σ⊗ IK)Γ̄
T ) (6)

Two observations:

Clearly minimizing ∥Γ̄Hθ∥2 in (6) yields solutions spanning the nullspace of Γ

We need at least r constraints to uniquely resolve θ, i.e., additional references

Note: In our simplified model, r = 1

What is the optimal estimator in the minimum variance unbiased (MVU) sense ?

1Strohmer; T.; 2015. Self-calibration and biconvex compressive sensing.
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Cramér Rao Lower Bound theorem (CRB)

Theorem (Rao1945 2)

Consider the estimation of an unknown parameter θ̂ = g(y), where the data y is
drawn from a pdf p(y;θ), which satisfies the regularity condition:

E [∂ ln p(y;θ)
∂θ

] = 0,

then the variance of any unbiased estimator θ̂ satisfies

var(θ̂) ≥
⎡⎢⎢⎢⎢⎣
E [∂ ln2 p(y;θ)

∂θ2
]
⎤⎥⎥⎥⎥⎦

−1

= F−1

where F is the Fisher information matrix (FIM).

Lemma (Efficient estimator)

An estimator is efficient or a MVUE if it meets the CRLB with equality

The FIM for our model Γ̄y ∼ N(Γ̄Hθ, Γ̄(Σ⊗ IK)Γ̄
T ) is F = KΓT (ΓΣΓT )−1Γ

2Rao; C.R.; 1992. Information and the accuracy attainable in the estimation of statistical parameters
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Constrained Cramér Rao Lower Bound (CCRB)

Theorem (Stoica19983)

Consider a consistent set of k continuously differentiable constraints on θ̂ i.e.,
c(θ̂) = 0, and let C(θ) = ∂c(θ)/∂θT be the gradient matrix which is full row rank,
then the Constrained Cramér Rao lower Bound (CCRB) on the variance of any
unbiased estimator exists and is bounded by

E{(θ̂ − θ)(θ̂ − θ)T} ≡ Σθ̂ ≥ U(U
TFU)−1UT , (7)

where U spans the null space of the gradient matrix C(θ).

Lemma (Optimal constraint4)

Any set of vectors spanning the nullspace of the FIM is an optimal constraint set.

Data-driven reference: For our model, F = KΓT (ΓΣΓT )−1Γ, if i.e., K ≥ N, and if the
covariance Σ is known, then an optimal C(θ) can be designed.

3Stoica; P. and Ng; B.C.; 1998. On the Cramr-Rao bound under parametric constraints. IEEE Signal Processing Letters; 5(7); pp.177-179.
4Rajan; R.T. and van der Veen; A.-J; 2015; Joint ranging and synchronization for an anchorless network of mobile nodes
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FIM and Constraints

FIM: Since S is rank 1, Γ ≡ UT
2 = [−1N−1 IN−1]

T
,

such that

(U2 ⊗ IK)T2 y ∼ N((U2 ⊗ IK)THθ,UT
2 ΣU2 ⊗ IK), (8)

F = KU2(UT
2 ΣU2)−1UT

2 (9)

Since U2 is rank deficient by r = 1, F is also rank deficient.

Constraints: Consider 2 types of constraints
Constraint 1: Sensor 1 is reference

θ1 = 0, c1 = [1,0TN−1]T , U1 ≡ null(c1) = [0
T
N−1
IN−1

] . (10)

Constraint 2: Average of θ is the reference

1

N

N

∑
n=1

θn = 0, c2 = N−11N , U2 ≡ null(c2) = [−1
T
N−1

IN−1
] . (11)

Since 1N spans the nullspace of the FIM, (11) is the optimal reference.

How much improvement does (11) offer as compared to Constraint 1 ?
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∑
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Since 1N spans the nullspace of the FIM, (11) is the optimal reference.
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CCRB: Constraint 1 versus Constraint 2

Let the underlying noise be homoscedastic i.e., Σ = σ2I

Constraint 1: Let Ψ ≡ UT
2 U2 = IN−1 + 1N−11

T
N−1, then using the CCRB theorem,

Tr(Σ1) = Tr[U1(UT
1 FU1)−1UT

1 ] =
σ2

K
Tr(Ψ) = 2σ2

K
(N − 1) (12)

Constraint 2: Along similar lines, the CCRB for the average reference is

Tr(Σ2) = Tr[U2(UT
2 FU2)−1UT

2 ] =
σ2

K
Tr[Ψ−1UT

2 U2] =
σ2

K
(N − 1) (13)

Observe:

δ ≡ Tr(Σ2)
Tr(Σ1)

= 1

2
(14)
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Key results

Theorem (Optimal reference 5)

Consider an network of N clocks, where each clock collects K measurements based
on the data model (8), then the following statements hold.

(a) Heteroscedasticity: The optimal reference for estimating the unknown offsets is
the average reference

(b) Homoscedasticity: If Σ = σ2I, the optimal reference for estimating the unknown
offsets, outperforms any arbitrarily chosen reference in the network, by a factor 2.

5Rajan; Raj Thilak. ”On the choice of reference in offset calibration.” IEEE; 2023
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Experiments : Clock synchronization

● Consider N clocks, producing K measurements

● Data model for the nth clock is

Tn = s + θn1K + ηi

where θn is the unknown offset,

s = [t1, t2,⋯, tK ]

Ti = [Tn,1,Tn,2,⋯,Tn,K ]
T

are the true time and measurements at the nth
clock respectively.

● Optimization: Homoscedastic scenario

θ̂ = argmin
θ
∥(U2 ⊗ IK )(y −Hθ)∥ s.t. c(θ)

where y = vec(T),H = IN ⊗ 1K .

● Constraint c(θ) → Single/Average reference.

● Plot ratio δ̂ =MSE2/MSE1 over varying N, K

Figure: Plot of δ̂ =MSE2/MSE1

Ongoing work: Effect of Bias, Generalization to Bayesian Gauss Markov Models, PCRB, ⋯
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Relative Localization
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Problem statement: Relative localization

Setup

● Consider an anchorless network of N > D mobile nodes in D-dimensional space

● All nodes the nodes can measure time-varying pairwise distances D(t) ∈ RN×N

● We assume synchronized network w/ LOS conditions

2 Scenarios

● Fixed network: Nodes are fixed with unknown initial positions

● First-order mobility: Nodes have arbitrary initial positions and constant velocities

2 Problems

● Fixed network: Estimate X ∈ RD×N , from D ≡ D(t0) ∈ RN×N

● First-order mobile network: Estimate X ∈ RD×N and Ẋ ∈ RD×N , from D(t) ∈ RN×N

Note: This idea can be extended to higher-order kinematics
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Euclidean Distance Matrix

Figure: Illustration of a Euclidean Distance Matrix with N = 4 nodes

Euclidean Distance Matrices (EDM): D = [dij ] ∈ RNxN

Definition: D = (g1TN + 1NgT − 2XTX)−1/2, where g = diag(XTX)
Properties: Symmetry, Non-negativity, Zero diagonal, Triangle inequality.
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Euclidean Distance Matrix (2)

Figure: Euclidean Distances to Relative positions

Euclidean Distance Matrices (EDM): D = [dij ] ∈ RNxN

Definition: D = (g1TN + 1NgT − 2XTX)1/2, where g = diag(XTX)
Properties: Symmetry, Non-negativity, Zero diagonal, Triangle inequality.
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Multi-Dimensional Scaling (MDS)

Recollect D⊙2 = g1TN + 1NgT − 2XTX

Let P be the centering matrix in N dimensions

Define: B ≜ −0.5PD⊙2P = PXTXP,

Solve: X̂ = argminX ∥B̂0 −PXTXP∥ s.t. rank(X) = D

Let the EVD of B = [U 0] [Σ
0
] [U

T

0T
], then the

Relative positions are given by X̂ = Σ1/2UT ∈ RDxN

Note: X̂ is relative up to a rotation and translation

Torgerson, Warren S. ”Multidimensional scaling: I. Theory and method.” Psychometrika 17.4 (1952)
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Relative localization and velocity
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Time-varying distances to Relative kinematics

Figure: Time-varying Euclidean Distances to Relative kinematics

● Time-varying Euclidean Distance Matrices (EDM): D(t) = [dij(t)] ∈ RNxN

● Problem: Estimate Relative kinematics i.e., Relative position/velocities/..., given D(t)
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Recollect: Generalized Two-Way Ranging (GTWR)

● Discrete time-varying distance between nodes i.e., τji,k = τij,k = c−1dij,k ∀ k ∈ K
● Measurement model

τij,k = r ij + ṙ ijTij,k + r̈ ijT
2
ij,k +⋯,

where the Taylor coefficients are defined as

[r ij , ṙ ij , r̈ ij ,⋯] = diag(γ)
−1 [rij , ṙij , r̈ij ,⋯] with γ = c [0!,1!,2!,⋯]

● Solve for R = [rij], Ṙ = [ṙij], R̈ = [r̈ij],⋯, given {τij,k}k∈K using MLE, LS, ⋯
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Absolute and Relative kinematics

● Let the absolute kinematics be denoted by Ẋ ≡ Y1, Ẍ ≡ Y2,⋯

● Absolute kinematics (order M)

S(t) = X +Y1t + 0.5Y2t
2 +⋯ = X +

M

∑
m=1

(m!)−1Ymt
⊙m (15)

● Recollect relationship between relative and absolute kinematics:

X = H0X + h01
T
N , Ym = HmỸm + hm1

T
N ∀m <M (16)

where H0,H1,⋯HM and h0,h1,⋯hM are rotations and translations.

● On substituting (16) in (15), we have the Relative kinematics model

S(t) = X +
M

∑
m=1

(m!)−1HmYmt
m (17)

where we assume H0 = ID andh0 = 0D .

● Goal: Given R = [rij], Ṙ = [ṙij], R̈ = [r̈ij],⋯, from GWTR solve for X̂, Ŷ1, Ĥ1
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32 / 35



Absolute and Relative kinematics

● Let the absolute kinematics be denoted by Ẋ ≡ Y1, Ẍ ≡ Y2,⋯
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T
N ∀m <M (16)

where H0,H1,⋯HM and h0,h1,⋯hM are rotations and translations.

● On substituting (16) in (15), we have the Relative kinematics model

S(t) = X +
M

∑
m=1

(m!)−1HmYmt
m (17)

where we assume H0 = ID andh0 = 0D .
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Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) = X +H1Y1t

Continuous Model:

B(t) = −0.5P(D(t))
⊙2
P = ST (t)S(t),

Ḃ(t) = −P(D(t) ⊙ Ḋ(t))P = ṠT (t)S(t) + ST (t)Ṡ(t),

B̈(t) = −P(D(t) ⊙ D̈(t) + (Ḋ(t))⊙2)P = 2ṠT (t)Ṡ(t)

Discrete Model:

(a) B0 ≜ B(0) = XTX = −0.5PR⊙2P,

(b) B1 ≜ B(1) = XTH1Y1 +Y
T
1 H

T
1 X = −P[R⊙ Ṙ]P,

(c) B2 ≜ B(2) = YT
1 Y1 − 0.5P[R⊙ R̈ + Ṙ⊙2]P

Solution:

(a) Solve for relative positions X̂ = argminX ∥B̂0 −XTX∥ s.t. rank(X) = D
(b) Solve for relative velocities Ŷ1 = argminY1 ∥B̂2 −YT

1 Y1∥ s.t. rank(Y1) = D
(c) Solve for rotation Ĥ1 = argminH1 ∥B̂1 −XTH1Y1 +Y

T
1 H

T
1 X∥ s.t. HT

1 H1 = I
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(c) Solve for rotation Ĥ1 = argminH1 ∥B̂1 −XTH1Y1 +Y

T
1 H

T
1 X∥ s.t. HT

1 H1 = I

33 / 35



Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) = X +H1Y1t
Continuous Model:

B(t) = −0.5P(D(t))
⊙2
P = ST (t)S(t),
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Discrete Model:

(a) B0 ≜ B(0) = XTX = −0.5PR⊙2P,

(b) B1 ≜ B(1) = XTH1Y1 +Y
T
1 H

T
1 X = −P[R⊙ Ṙ]P,
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1 Y1∥ s.t. rank(Y1) = D
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Simulations results N = 10 nodes

Figure: Constant Velocity

Figure: Constant Acceleration

Rajan et.al., (2019) ”Relative kinematics of an anchorless network.” Signal Processing
Mishra et.al., (2025) ”Estimation of Relative Kinematic Parameters of an Anchorless Network.” IEEE TSIPN.

● Can we solve for {X̂, Ŷ1, Ĥ1} = argmin∥B̂1 −XTH1Y1 +YT
1 H

T
1 X∥ s.t. HT

1 H1 = I ?
● Lyapunov-like equation : ATX +XTA = B

Braden, H. W. (1998). The equations ATX ± XTA = B. SIAM Journal on Matrix Analysis and Applications

Rajan et.al., (2025) The equations ATX + XTA = B under transformations (in submission)
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Summary

Key takeaways

● Coop. synchronization and time-varying ranging can be decoupled using GTWR

● Reference-free synchronization can be achieved optimally in the MVUE sense

● Optimal offset reference is a factor 2 better than any single reference

● Relative kinematics can be estimated from time-varying distances

Ongoing work:

● State-space modeling of joint relative timing and kinematics

● Distributed algorithms for relative synchronization and localization

● Sensor fusion additional sensors and data models e.g., IMU, ⋯
● Applications to Formation control, Learning, Cooperative Navigation, ⋯

Thank you for your attention !
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