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® Learning: Can we learn an unknown trajectory/fields e.g., using Gaussian Processes ?

® ... and many more!

® In this talk:

® Relative timing of a cooperative mobile network
® Relative positioning/localization of a cooperative mobile network
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Measurement techniques for Localization

Figure: Conventional paradigms to localize Mobile Station (MS) with Base Stations (BS) or anchors
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Relative cooperative timing and localization

Figure: llustration using 4 Nodes.

<3
TUDelft




Relative cooperative timing and localization

Figure: llustration using 4 Nodes.

However, node locations can be known upto a rotation and translation

<3
TUDelft



Relative cooperative timing and localization

Figure: llustration using 4 Nodes.

However, node locations can be known upto a rotation and translation

Apps.: Situational awareness, Interferometry, Relative inference and control, ---
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Problem statement: Timing and Localization

Assumptions:
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Figure: Timing
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Two-Way Ranging

Figure: Two-way ranging (TWR)
Figure: Timing

® Let Cj(¢;, Tjj,i) be the local clock model at the jth node, where ¢; = {¢;, i}

® LOS and Fixed distance between nodes i.e., Tjj x = Tjj,k = Tjj = c_ld,-j Vkek

® Problem: Given node i is a reference, estimate the clock parameters of the jth node and dj;, 1.e.,
min. [Ci(®:, Tij k) = Ci(@), Tjik) + Tl (1)
i

® Solution: Least squares, BLUE, MLE,...

Freris et.al., (2010) Fundamental limits on synchronizing clocks over networks
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® Let Cj(¢;, Tjj,x) be the local clock model at the jth node, where ¢; = {¢), di}
® Time-varying distance between nodes i.e., Tji k = Tjj k, Tjj,k = c_ld,‘-,k V kelC
® Trick: Approximate distance dj; x as a Taylor polynomial w.r.t. time

® Given no clock reference, estimate the clock parameters of the jth node and dj; x, i.e.,

min  [[Ci(;, Ty k) = Ci(;, Tii k) + e © G b;, b;, dj i) | (2
Pi.bjdij

where ej; is a direction indication vector and Gj;(+) is a function of space-time.

® Challenge: lll-posed problem, since a reference is needed to resolve ambiguity.

Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes
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Reference-free Synchronization

H L]
® Single clock reference Sum based clock reference

. L] - 1
® Multiple clock references Data-driven clock reference

® Reference-free solutions can never recover absolute true time.
® Which reference is optimal in the Minimum Variance Unbiased Estimate (MVUE) sense ?

® Derive lower bounds (e.g., CRLB) and compare with state of the art methods

Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes
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Simulations: Reference-free Synchronization

Figure: GTWR-ranging based synchronization
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Figuro: GTWR-ranging based synchronization Figurc: Frequency-augmented synchronization
Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes

Kazaz et al. (2018) Joint ranging and clock synchronization for dense heterogeneous loT networks
Abel et.al., (2022) Frequency augmented clock synchronization for space-based interferometry
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Simulations: Reference-free Synchronization

Figuro: GTWR-ranging based synchronization Figurc: Frequency-augmented synchronization

Rajan et.al., (2015) Joint ranging and synchronization for an anchorless network of mobile nodes
Kazaz et al. (2018) Joint ranging and clock synchronization for dense heterogeneous loT networks
Abel et.al., (2022) Frequency augmented clock synchronization for space-based interferometry

How much improvement does sum reference offer compared to any arbitrary reference ?

TUDelft
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Linear Gaussian model: The measurements of the nth clock are denoted by
Yo=Sn+0nlx+m, V1i<n<N (3)

where s, is the true clock, 6, is the unknown offset and n),, is the noise

Extending the model for all N sensors we have

y=s+(ly®1k)0+n=s+HO+n (4)
where
T T T T T TT
y:[y17YZ7"'7yN] 5 5:[517527"'7SN]

9=[01>92a"'>9N]T ) "7:[771T’772T7"'777;]TNN(072®|K)

Given the measurements y, and unknown s,

Can we estimate the unknown 6 without an external reference ?
What is an optimal estimator (or reference) for such a problem ?
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Blind clock synchronization

® Let S = [s1,s2,,sn] be a K x N matrix, which lies in an r—dim. subspace r < N

1Strohmer; T.; 2015. Self-cali ion and bir compressive sensing.
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® Assume T to be a known (N - r) x N projection matrix such that Sr7 =0, then

(Homogeneity?)

(T®lk)vec(S)=Ts=0 (5)

1Strohmer; T.; 2015. Self-calibration and bi compressive sensing.

5 )
TUDelft 17/ 35




Blind clock synchronization

® Let S = [s1,s2,,sn] be a K x N matrix, which lies in an r—dim. subspace r < N
® Assume T to be a known (N - r) x N projection matrix such that Sr7 =0, then
(Homogeneity?)
(T®lk)vec(S)=Ts=0 (5)
Substituting s =y — HO + 1, we have
Fy ~N(FHO,T(Z @ 1)) (6)

Two observations:

Clearly minimizing |[TH@|2 in (6) yields solutions spanning the nullspace of I

1Strohmer; T.; 2015. Self-calibration and bi compressive sensing.

5 )
TUDelft e




Blind clock synchronization

® Let S = [s1,s2,,sn] be a K x N matrix, which lies in an r—dim. subspace r < N
® Assume T to be a known (N - r) x N projection matrix such that Sr7 =0, then
(Homogeneity?)
(T®lk)vec(S)=Ts=0 (5)
Substituting s =y — HO + 1, we have
Fy ~N(FHO,T(Z @ 1)) (6)

Two observations:
Clearly minimizing |[TH@|2 in (6) yields solutions spanning the nullspace of I

We need at least r constraints to uniquely resolve 0, i.e., additional references

1Strohmer; T.; 2015. Self-calibration and bi compressive sensing.

5
TUDelft )%




Blind clock synchronization

® Let S = [s1,s2,,sn] be a K x N matrix, which lies in an r—dim. subspace r < N
® Assume T to be a known (N - r) x N projection matrix such that Sr7 =0, then
(Homogeneity?)
(T®lk)vec(S)=Ts=0 (5)
Substituting s =y — HO + 1, we have
Fy ~N(FHO,T(Z @ 1)) (6)

Two observations:
Clearly minimizing |[TH@|2 in (6) yields solutions spanning the nullspace of I
We need at least r constraints to uniquely resolve 0, i.e., additional references

Note: In our simplified model, r =1

1Strohmer; T.; 2015. Self-calibration and bi compressive sensing.

7
TUDelft )%




Blind clock synchronization

® Let S = [s1,s2,,sn] be a K x N matrix, which lies in an r—dim. subspace r < N
® Assume T to be a known (N - r) x N projection matrix such that Sr7 =0, then
(Homogeneity?)
(T®lk)vec(S)=Ts=0 (5)
Substituting s =y — HO + 1, we have
Fy ~N(FHO,T(Z @ 1)) (6)

Two observations:
Clearly minimizing |[TH@|2 in (6) yields solutions spanning the nullspace of I
We need at least r constraints to uniquely resolve 0, i.e., additional references

Note: In our simplified model, r =1

What is the optimal estimator in the minimum variance unbiased (MVU) sense ?

LStrohmer; T.; 2015. Self-calibration and bi compressive sensing.
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Cramér Rao Lower Bound theorem (CRB)

Theorem (Rao1945 2)

Consider the estimation of an unknown parameter 8 = g(y), where the data y is
drawn from a pdf p(y;0), which satisfies the regularity condition:

o[t 20e0).0

then the variance of any unbiased estimator 0 satisfies

var(0) Haa—"]]

where F is the Fisher information matrix (FIM).

2Rao; C.R.; 1992. Information and the accuracy attainable in the estimation of statistical parameters
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Cramér Rao Lower Bound theorem (CRB)

Theorem (Rao1945 2)

Consider the estimation of an unknown parameter 8 = g(y), where the data y is
drawn from a pdf p(y; 0), which satisfies the regularity condition:

CER

then the variance of any unbiased estimator 0 satisfies

var(0) > [E[%]] _f!

where F is the Fisher information matrix (FIM).

Lemma (Efficient estimator)

An estimator is efficient or a MVUE if it meets the CRLB with equality

2Rao; C.R.; 1992. Information and the accuracy attainable in the estimation of statistical parameters
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Cramér Rao Lower Bound theorem (CRB)

Theorem (Rao1945 2)

Consider the estimation of an unknown parameter 8 = g(y), where the data y is
drawn from a pdf p(y; 0), which satisfies the regularity condition:

o[22 200

then the variance of any unbiased estimator 0 satisfies

dIn” p(y;@)”_1 =

var(0) > [E[ 26°

where F is the Fisher information matrix (FIM).

Lemma (Efficient estimator)
An estimator is efficient or a MVUE if it meets the CRLB with equality

The FIM for our model Fy ~ N'(FHO,F(E ® 1x)F ") is F = KT (FEFT)~'r

2Rao; C.R.; 1992. Information and the accuracy attainable in the estimation of statistical parameters
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Constrained Cramér Rao Lower Bound (CCRB)

Theorem (Stoical998%)

Consider a consistent set of k continuously differentiable constraints on 0ie.,
c(0) =0, and let C(8) = c(0)/00" be the gradient matrix which is full row rank,
then the Constrained Cramér Rao lower Bound (CCRB) on the variance of any
unbiased estimator exists and is bounded by

E{(§-6)(0-6)"} =%, >U(UTFU) U, ©)

where U spans the null space of the gradient matrix C(8).

3Stuica: P. and Ng; B.C.; 1998. On the Cramr-Rao bound under parametric constraints. |IEEE Signal Processing Letters; 5(7); pp.177-179.

T. and van der Veen; A.-J; 2015; Joint ranging and synchronization for an anchorless network of mobile nodes
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Lemma (Optimal constraint?)
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Constrained Cramér Rao Lower Bound (CCRB)

Theorem (Stoical998%)

Consider a consistent set of k continuously differentiable constraints on 8 i.e.,
c(0) =0, and let C(8) = c(0)/00" be the gradient matrix which is full row rank,
then the Constrained Cramér Rao lower Bound (CCRB) on the variance of any
unbiased estimator exists and is bounded by

E{(§-6)(0-6)"} =%, >U(UTFU) U, ©)
where U spans the null space of the gradient matrix C(8).

Lemma (Optimal constraint*)

Any set of vectors spanning the nullspace of the FIM is an optimal constraint set.

Data-driven reference: For our model, F = KT (FTEF")7'T, if i.e.,, K> N, and if the
covariance X is known, then an optimal C(8) can be designed.

3Stuica: P. and Ng; B.C.; 1998. On the Cramr-Rao bound under parametric constraints. |IEEE Signal Processing Letters; 5(7); pp.177-179.
4Rajan; R.T. and van der Veen; A.-J; 2015; Joint ranging and synchronization for an anchorless network of mobile nodes
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FIM and Constraints

FIM: Since S is rank 1, T = U3 =[-1y1 |N—1]T,
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FIM and Constraints

FIM: Since Sis rank 1, F= U] = [—IN_1 IN_1]T, such that
(U2 1k)]y ~ N((U:91k)"HO,UJEU, 8 1k),
F = KUx(U; ZU,)'U;

(8)
(9)

Since Uy is rank deficient by r =1, F is also rank deficient.
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FIM and Constraints

FIM: Since Sis rank 1, F= U] = [—IN_1 IN_1]T, such that

(Uel)]y ~ N((U:@lk) HO,UITU; @ 1k), (8)
F = KUy(U;XU)'Uy (9)

Since Uy is rank deficient by r =1, F is also rank deficient.

Constraints: Consider 2 types of constraints
Constraint 1: Sensor 1 is reference

.
01=0, c1=[1,0]4]7, Ui= null(cy) = [?Icl:ll]. (10)
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FIM and Constraints

FIM: Since Sis rank 1, F= U] = [—IN_1 IN_1]T, such that

(U2@1k)ly ~ N((Uz2®1x) HO,U; U2 @ I), (8)
F = KUy(U;XU)'Uy (9)

Since Uy is rank deficient by r =1, F is also rank deficient.

Constraints: Consider 2 types of constraints
Constraint 1: Sensor 1 is reference

-
01=0, c1=[1,0]4]7, Ui= null(cy) = [?N—l]. (10)
N-1
Constraint 2: Average of 0 is the reference

1 -1 = -1,
N n%;en = 0, Cy = N 1N7 U2 = nLI||(C2) = lN—I . (11)

5
TUDelft



FIM and Constraints

FIM: Since Sis rank 1, F= U] = [—IN_1 IN_1]T, such that

(U2 1k)]y ~ N((U:91k)"HO,UJEU, 8 1k),
F = KUx(U; ZU,)'U;

Since Uy is rank deficient by r =1, F is also rank deficient.

Constraints: Consider 2 types of constraints
Constraint 1: Sensor 1 is reference

-
91=0, c1=[1,0],]", U= null(c;) = [?,C’_l]'
-1
Constraint 2: Average of 0 is the reference
1Y 1 -17
— > 0,=0, c2=N"1y, Uz= null(cp) = N-1 |,
an=:1 n 2 N 2 ull(e2) [ s

Since 1y spans the nullspace of the FIM, (11) is the optimal reference.

(10)

(11)
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FIM and Constraints

FIM: Since Sis rank 1, F= U] = [—1,\,_1 IN_1]T, such that

(Uel)]y ~ N((U:@lk) HO,UITU; @ 1k), (8)
F = KUy(U;XU)'Uy (9)

Since Uy is rank deficient by r =1, F is also rank deficient.

Constraints: Consider 2 types of constraints
Constraint 1: Sensor 1 is reference

.
01=0, c1=[1,0]4]7, Ui= null(c;) = [?131—11]. (10)

Constraint 2: Average of 0 is the reference
LN, 20, =Ny, U= null(cy) < | Mt (1)
TE=ke e S Thew |

Since 1y spans the nullspace of the FIM, (11) is the optimal reference.

How much improvement does (11) offer as compared to Constraint 1 ?
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CCRB: Constraint 1 versus Constraint 2

Let the underlying noise be homoscedastic i.e., £ = ol
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CCRB: Constraint 1 versus Constraint 2

Let the underlying noise be homoscedastic i.e., £ = ol

Constraint 1: Let W =UJ U, = Iy_1 + 1y_11)_;, then using the CCRB theorem,

Tr(Z1) = Tr[U1 (U FU;) U/ ] = %Tr(\ll) = %(N -1) (12)
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CCRB: Constraint 1 versus Constraint 2

Let the underlying noise be homoscedastic i.e., £ = ol

Constraint 1: Let W =UJ U, = Iy_1 + 1y_11)_;, then using the CCRB theorem,

2 2
Tr(1) = Tr[Us (U] FU,) U] ] = %Tr(\ll) = 2%(N -1) (12)
Constraint 2: Along similar lines, the CCRB for the average reference is
2 2
Tr(X2) = Tr[U2(UJ FU,) U] ] = %Tr[\ll_lUgTUz] = %(N -1) (13)
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CCRB: Constraint 1 versus Constraint 2

Let the underlying noise be homoscedastic i.e., £ = ol

Constraint 1: Let W =UJ U, = Iy_1 + 1y_11)_;, then using the CCRB theorem,

Tr(Z1) = Tr[U1 (U FU;) U/ ] = %Tr(\ll) = 2;;(2(N -1) (12)
Constraint 2: Along similar lines, the CCRB for the average reference is
Tr(X2) = Tr[U2(U; FU2) U5 | = %zTr[\ll_lUgTUz] = %Z(N -1) (13)
Observe: _ Tr(X%2) _1 (14)
TTr(E) 2

5 )
TUDelft 245S



Key results

Theorem (Optimal reference °)

Consider an network of N clocks, where each clock collects K measurements based
on the data model (8), then the following statements hold.

5Rajan; Raj Thilak. " On the choice of reference in offset calibration.” IEEE; 2023
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Key results

Theorem (Optimal reference °)

Consider an network of N clocks, where each clock collects K measurements based
on the data model (8), then the following statements hold.

(a) Heteroscedasticity: The optimal reference for estimating the unknown offsets is
the average reference

5Rajan; Raj Thilak. " On the choice of reference in offset calibration.” IEEE; 2023
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Key results

Theorem (Optimal reference °)

Consider an network of N clocks, where each clock collects K measurements based
on the data model (8), then the following statements hold.

(a) Heteroscedasticity: The optimal reference for estimating the unknown offsets is
the average reference

(b) Homoscedasticity: If £ = o°l, the optimal reference for estimating the unknown
offsets, outperforms any arbitrarily chosen reference in the network, by a factor 2.

5Rajan; Raj Thilak. " On the choice of reference in offset calibration.” IEEE; 2023
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Key results

Theorem (Optimal reference °)

Consider an network of N clocks, where each clock collects K measurements based
on the data model (8), then the following statements hold.

(a) Heteroscedasticity: The optimal reference for estimating the unknown offsets is
the average reference

(b) Homoscedasticity: If £ = o°l, the optimal reference for estimating the unknown
offsets, outperforms any arbitrarily chosen reference in the network, by a factor 2.

5Rajan; Raj Thilak. " On the choice of reference in offset calibration.” IEEE; 2023
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Experiments : Clock synchronization

® Consider N clocks, producing K measurements
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Experiments : Clock synchronization

® Consider N clocks, producing K measurements
® Data model for the nth clock is
Th=s+0,1x +m;
where 6, is the unknown offset,
s = [ti,tp, e tk]
T = [Tox, Tazs Tal”

are the true time and measurements at the nth
clock respectively.
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Experiments : Clock synchronization

® Consider N clocks, producing K measurements
® Data model for the nth clock is
Th=s+0,1x +m;
where 6, is the unknown offset,
s = [ti,tp, e tk]
T = [Tox, Tazs Tal”

are the true time and measurements at the nth
clock respectively.

® Optimization: Homoscedastic scenario
0= argm9in||(U2 ®lx)(y—HO)| s.t. c(0)

where y = vec(T),H =1y ® 1.

® Constraint c(0@) — Single/Average reference.

® Plot ratio § = MSE,/MSE; over varying N, K




Experiments : Clock synchronization

® Consider N clocks, producing K measurements
® Data model for the nth clock is
Th=s+0,1x +m;
where 6, is the unknown offset,
s = [t,t2, - tk]
T = [Tos Tazss Tax]”

are the true time and measurements at the nth

clock respectively.
® Optimization: Homoscedastic scenario

0= argm9in||(U2 ®lx)(y—HO)| s.t. c(0)

where y = vec(T),H =1y ® 1. R
Figure: Plot of § = MSE;/ MSE;

® Constraint c(0@) — Single/Average reference.

® Plot ratio § = MSE,/MSE; over varying N, K




Experiments : Clock synchronization

® Consider N clocks, producing K measurements
® Data model for the nth clock is
Th=s+0,1x +m;
where 6, is the unknown offset,
s = [ti,tp, e tk]
T = [Tox, Tazs Tal”

are the true time and measurements at the nth
clock respectively.

® Optimization: Homoscedastic scenario
0= argm9in||(U2 ®lx)(y—HO)| s.t. c(0)
where y = vec(T),H =1y ® 1. R
® Constraint c¢(8) — Single/Average reference. Figure: Plot of 6 = MSE/MSE,

® Plot ratio § = MSE,/MSE; over varying N, K

Ongoing work: Effect of Bias, Generalization to Bayesian Gauss Markov Models, PCRB, ---
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Relative Localization
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Problem statement: Relative localization

Setup

® Consider an anchorless network of N > D mobile nodes in D-dimensional space

<3
TUDelft 2



Problem statement: Relative localization

Setup

® Consider an anchorless network of N > D mobile nodes in D-dimensional space

* All nodes the nodes can measure time-varying pairwise distances D(t) ¢ R"*"
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® We assume synchronized network w/ LOS conditions




Problem statement: Relative localization

Setup

® Consider an anchorless network of N > D mobile nodes in D-dimensional space

* All nodes the nodes can measure time-varying pairwise distances D(t) ¢ R"*"
® We assume synchronized network w/ LOS conditions

2 Scenarios
® Fixed network: Nodes are fixed with unknown initial positions

® First-order mobility: Nodes have arbitrary initial positions and constant velocities
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Problem statement: Relative localization

Setup

® Consider an anchorless network of N > D mobile nodes in D-dimensional space

* All nodes the nodes can measure time-varying pairwise distances D(t) ¢ R"*"
® We assume synchronized network w/ LOS conditions

2 Scenarios
® Fixed network: Nodes are fixed with unknown initial positions

® First-order mobility: Nodes have arbitrary initial positions and constant velocities
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Problem statement: Relative localization

Setup

® Consider an anchorless network of N > D mobile nodes in D-dimensional space

* All nodes the nodes can measure time-varying pairwise distances D(t) ¢ R"*"

® We assume synchronized network w/ LOS conditions
2 Scenarios

® Fixed network: Nodes are fixed with unknown initial positions

® First-order mobility: Nodes have arbitrary initial positions and constant velocities
2 Problems

* Fixed network: Estimate X ¢ R”*", from D = D(to) ¢ RV

* First-order mobile network: Estimate X ¢ R™" and X e R”*V, from D(t) e RV*V
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Problem statement: Relative localization

Setup

® Consider an anchorless network of N > D mobile nodes in D-dimensional space

* All nodes the nodes can measure time-varying pairwise distances D(t) ¢ R"*"
® We assume synchronized network w/ LOS conditions

2 Scenarios
® Fixed network: Nodes are fixed with unknown initial positions

® First-order mobility: Nodes have arbitrary initial positions and constant velocities

2 Problems
* Fixed network: Estimate X ¢ R”*", from D = D(to) ¢ RV
* First-order mobile network: Estimate X ¢ R™" and X e R”*V, from D(t) e RV*V

Note: This idea can be extended to higher-order kinematics




Euclidean Distance Matrix

IFigure: Illustration of a Euclidean Distance Matrix with N =4 nodes

Euclidean Distance Matrices (EDM): D = [d;] e RMN

<3
TUDelft




Euclidean Distance Matrix

IFigure: Illustration of a Euclidean Distance Matrix with N =4 nodes

Euclidean Distance Matrices (EDM): D = [d;] e RMN
Definition: D = (g1}, + 1yg” - 2XTX)"1/2 where g = diag(XTX)
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Euclidean Distance Matrix

IFigure: Illustration of a Euclidean Distance Matrix with N =4 nodes
Euclidean Distance Matrices (EDM): D = [d;] e RMN

Definition: D = (g1}, + 1yg” - 2XTX)"1/2 where g = diag(XTX)
Properties: Symmetry, Non-negativity, Zero diagonal, Triangle inequality.
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Euclidean Distance Matrix

IFigure: Illustration of a Euclidean Distance Matrix with N =4 nodes
Euclidean Distance Matrices (EDM): D = [d;] e RMN

Definition: D = (g1}, + 1yg” - 2XTX)"1/2 where g = diag(XTX)
Properties: Symmetry, Non-negativity, Zero diagonal, Triangle inequality.
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Euclidean Distance Matrix (2)

Figure: Euclidean Distances to Relative positions
Euclidean Distance Matrices (EDM): D = [d;] € RMN

Definition: D = (gl/, +1yg" - 2XTX)1/2, where g = diag(XTX)
Properties: Symmetry, Non-negativity, Zero diagonal, Triangle inequality.
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Euclidean Distance Matrix (2)

Figure: Euclidean Distances to Relative positions
Euclidean Distance Matrices (EDM): D = [d;] € RMN

Definition: D = (gl/, +1yg" - 2XTX)1/2, where g = diag(XTX)
Properties: Symmetry, Non-negativity, Zero diagonal, Triangle inequality.
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Multi-Dimensional Scaling (MDS)

o Searta
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Multi-Dimensional Scaling (MDS)

o Searta

Recollect D®2 = gl1[ +1yg” - 2XTX
e Let P be the centering matrix in N dimensions
e Define: B = —-0.5PD®?P = PX"XP,
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Multi-Dimensional Scaling (MDS)

| o Searta

Recollect D®2 = gl1[ +1yg” - 2XTX

Let P be the centering matrix in N dimensions

e Define: B = —0.5PD®2P = PXTXP,

Solve: X = argminy |Bg - PXTXP|| s.t. rank(X) = D

.,
Let the EVD of B=[U 0] [Z 0] [gT]
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Multi-Dimensional Scaling (MDS)

* Now York

Recollect D®2 = gl1[ +1yg” - 2XTX

. .
Chicago \ashington, D.C.

R Let P be the centering matrix in N dimensions
. e Define: B 2 -0.5PD®?P = PXTXP,
e o hom Solve: X = argminy |Bg - PXTXP| s.t. rank(X) = D

bx u’
Let the EVD of B = [U 0] ollo7 | then the

€ RDXN

Relative positions are given by X =x12y7




Multi-Dimensional Scaling (MDS)

* Now York

Recollect D®2 = gl1[ +1yg” - 2XTX

. .
Chicago \ashington, D.C.

R Let P be the centering matrix in N dimensions
. e Define: B 2 -0.5PD®?P = PXTXP,
e o hom Solve: X = argminy |Bg - PXTXP| s.t. rank(X) = D

bx u’
Let the EVD of B = [U 0] ollo7 | then the

Relative positions are given by X = ¥12yT ¢ RDN

Note: X is relative up to a rotation and translation

Torgerson, Warren S. " Multidimensional scaling: |. Theory and method.” Psychometrika 17.4 (1952)
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Relative localization and velocity
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Time-varying distances to Relative kinematics

Figure: Time-varying Euclidean Distances to Relative kinematics

° Time-varying Euclidean Distance Matrices (EDM): D(t) = [dj;(t)] e RMN
® Problem: Estimate Relative kinematics i.e., Relative position/velocities/..., given D(t)
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° Time-varying Euclidean Distance Matrices (EDM): D(t) = [dj;(t)] e RMN
® Problem: Estimate Relative kinematics i.e., Relative position/velocities/..., given D(t)
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Time-varying distances to Relative kinematics

Figure: Time-varying Euclidean Distances to Relative kinematics

° Time-varying Euclidean Distance Matrices (EDM): D(t) = [dj;(t)] e RMN
® Problem: Estimate Relative kinematics i.e., Relative position/velocities/..., given D(t)
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Recollect: Generalized Two-Way Ranging (GTWR)

<3
TUDelft




Recollect: Generalized Two-Way Ranging (GTWR)

<3
TUDelft




Recollect: Generalized Two-Way Ranging (GTWR)

* Discrete time-varying distance between nodes i.e., Tjix = Tk = ¢ ‘djx ¥ ke K
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Recollect: Generalized Two-Way Ranging (GTWR)

* Discrete time-varying distance between nodes i.e., Tjix = Tk = ¢ ‘djx ¥ ke K

® Measurement model

. . 2
Tijk = ry+ Fy Tigie+ Py Tip g+ 00,

where the Taylor coefficients are defined as

[rr By o] = diag(y) ™ [y, F, Fy ] with y = ¢ [01,11,21,+]
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Recollect: Generalized Two-Way Ranging (GTWR)

* Discrete time-varying distance between nodes i.e., Tjix = Tk = ¢ ‘djx ¥ ke K

® Measurement model
. -1
Tij,k = f,’j + L‘,‘j Tij,k + f,‘j Tij,k +ey

where the Taylor coefficients are defined as

[L’U)Luafua] = dlag(’Y)_l [rij7 ':ija Fl'ja ] with Y=c [Olv 1'72'7]

® Solve for R =[r;j],R = [F;],R =[], -+, given {7k }xexc using MLE, LS, ---
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Absolute and Relative kinematics

® Let the absolute kinematics be denoted by X=Y,X= Yo,
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Absolute and Relative kinematics

® Let the absolute kinematics be denoted by X=Y,X= Yo, -

* Absolute kinematics (order M)

M
S(t) =X+ Y1t +0.5Yot += X+ > (m) 7Y, tO7 (15)

m=1
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Absolute and Relative kinematics

® Let the absolute kinematics be denoted by X = Yl,)"( =Yy,
* Absolute kinematics (order M)

M
S(t) =X+ Y1t +0.5Yot += X+ > (m) 7Y, tO7 (15)

m=1

® Recollect relationship between relative and absolute kinematics:
X=HoX +holf, Yo =H,Y,_ +h,1f Vm<M (16)

where Ho, Hi,---Hp and hg, hy,---hy are rotations and translations.
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Absolute and Relative kinematics

® Let the absolute kinematics be denoted by X = Yl,)"( =Yy,

Absolute kinematics (order M)

M
S(t) =X+ Y1t +0.5Yot += X+ > (m) 7Y, tO7 (15)

m=1

® Recollect relationship between relative and absolute kinematics:
X=HoX +holf, Yo =H,Y,_ +h,1f Vm<M (16)

where Ho, Hi,---Hp and hg, hy,---hy are rotations and translations.

On substituting (16) in (15), we have the Relative kinematics model
M
S(t) =X+ Y (m) ' Hy Y, t7 (17)
m=1

where we assume Ho = Ipandhy = 0p.
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Absolute and Relative kinematics

® Let the absolute kinematics be denoted by X = Yl,)"( =Yy,

* Absolute kinematics (order M)

M
S(t) =X+ Y1t +0.5Yot += X+ > (m) 7Y, tO7 (15)

m=1
® Recollect relationship between relative and absolute kinematics:
X=HoX +holf, Yo =H,Y,_ +h,1f Vm<M (16)

where Ho, Hi,---Hp and hg, hy,---hy are rotations and translations.
® On substituting (16) in (15), we have the Relative kinematics model

S(B) =X+ 3 (m) T HY, e a7

m=1

where we assume Ho = Ipandhy = 0p.

* Goal: Given R =[r;],R = [#;],R =[], from GWTR
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Absolute and Relative kinematics

® Let the absolute kinematics be denoted by X = Yl,)"( =Yy,

* Absolute kinematics (order M)

M
S(t) =X+ Y1t +0.5Yot += X+ > (m) 7Y, tO7 (15)

m=1
® Recollect relationship between relative and absolute kinematics:
X=HoX +holf, Yo =H,Y,_ +h,1f Vm<M (16)

where Ho, Hi,---Hp and hg, hy,---hy are rotations and translations.
® On substituting (16) in (15), we have the Relative kinematics model

S(B) =X+ 3 (m) T HY, e a7

m=1

where we assume Hg = Ipandhg = 0p.
* Goal: Given R =[r;],R = [#;],R =[], from GWTR solve for X,il, A,
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Linearized Multi-dimensional Scaling
Consider a first-order motion: S(t) =X+ H1Y;t
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Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) =X+ H1Y;t
Continuous Model:

®2
B(t) = -05P(D(t)) P=S"()S(t),

<3
TUDelft e



Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) =X+ H1Y;t
Continuous Model:
o2 .

B(t) = -05P(D(t)) P=S"(1)S(t),

B(t)

-P(D(t) 0 D(1))P=8"(1)S(t) +S7 (1)S(1),

<3
TUDelft




Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) =X+ H1Y;t
Continuous Model:

®2
B(t) = -05P(D(t)) P=S"()S(t),
B(t) = -P(D(t)eD(1)P=5"(1)S(t)+S"(1)S(1),
B(t) - -P(D(1)oD(t)+(D(1))*)P=28"(1)S()
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Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) =X+ H1Y;t
Continuous Model:

2
B(t) = -05P(D(t)) P=S"(1)S(t),
B(t) = -P(D(t)eD(1)P=5"(1)S(t)+S"(1)S(1),
B(t) - -P(D(1)oD(t)+(D(1))*)P=28"(1)S()

Discrete Model:

(a)Bo #B® = X"X=-05PR%?P,
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Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) =X+ H1Y;t
Continuous Model:

®2
B(t) = -05P(D(t)) P=S"()S(t),
B(t) = -P(D(t)eD(1)P=5"(1)S(t)+S"(1)S(1),
B(t) - -P(D(1)oD(t)+(D(1))*)P=28"(1)S()

Discrete Model:
(a) By =B XX = -0.5PR®’P,
(b) B, =tB® = XTH111+XITH1TL=—P[R®R]P,
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Linearized Multi-dimensional Scaling

Consider a first-order motion: S(t) =X+ H1Y;t
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Simulations results N = 10 nodes

IFigure: Constant Velocity
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Simulations results N = 10 nodes

Figure: Constant Velocity Figure: Constant Acceleration

Rajan et.al., (2019) "Relative kinematics of an anchorless network.” Signal Processing

Mishra et.al., (2025) "Estimation of Relative Kinematic Parameters of an Anchorless Network.” IEEE TSIPN.
° Can we solve for {X,¥,,H1} = argmin|B; - X"H1Y, + YJH/X| s.t. H/H; =17
* Lyapunov-like equation : ATX+XTA =B

Braden, H. W. (1998). The equations ATX £ XTA=B. SIAM Journal on Matrix Analysis and Applications
Rajan et.al., (2025) The equations ATX +XTA = B under transformations (in submission)
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Summary

Key takeaways
® Coop. synchronization and time-varying ranging can be decoupled using GTWR
® Reference-free synchronization can be achieved optimally in the MVUE sense
® Optimal offset reference is a factor 2 better than any single reference
® Relative kinematics can be estimated from time-varying distances
Ongoing work:
® State-space modeling of joint relative timing and kinematics
¢ Distributed algorithms for relative synchronization and localization
® Sensor fusion additional sensors and data models e.g., IMU, ---

® Applications to Formation control, Learning, Cooperative Navigation, ---

Thank you for your attention !
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