
Invex Optimization: Theory and Applications for 

Signal/Image Processing and Machine Learning

Samuel Pinilla

Diamond Light Source, Rutherford Appleton Laboratory, UK

1



Layer 1 (Data) Layer 2 (Mathematics) Layer 3 (Software)

Data chosen in terms of

▪ Noise Level

▪ Colour properties

▪ Depth information

▪ Resolution

▪ Quality

▪ Dataset size

▪ Fourier frequencies

Software chosen in terms of

▪ Hardware capabilities

▪ Performance

▪ Reproducibility

▪ Costs

▪ Flexibility

▪ Distributed programming

▪ Scalability

▪ Image formation process

▪ Optics resolution

▪ Sensor model (noise)

▪ Convex/Non-convex 

optimisation

▪ Light source

▪ Fourier optics theory

Model chosen in terms of
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Problem formulation landscape
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Timeline in Optimization

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing 
Systems, 35, 10780-10794.
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Invexity Concept

It is well known that a convex function simply satisfies this definition 

for 

Key property

Invexity vs Convexity

While convexity is not 

sufficient to characterize 

the above function invex.

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing 
Systems, 35, 10780-10794.
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Why Invexity?

Ours

Our contributions

Assumption

Convexity

Invexity

Stable recovery Best performance Efficient recovery algorithm Universe of optimisable functions

Enjoys extensive maths, but it does 

not provide the best performance; 

limited options (smallest set)

• Wider range of regularizer for imaging

• We provide uniqueness recovery

• Efficient algorithms

• Best imaging performance

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.
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Example

Denoising Deblurring Compressive sensing

Challenges

• Selection of the regularizer (e.g. convex, Invex)

• Successful Recovery depends on the regularizer

• Preserve image quality

• Development of efficient algorithms

Minimize 𝐹 𝒙 = 𝑓 𝒙 + 𝑔(𝒙)
𝑥 ∈ ℝ𝑛

Formulation

Regularizer 

Fidelity term 

Wen, F., Chu, L., Liu, P., & Qiu, R. C. (2018). A survey on nonconvex regularization-based sparse and low-rank recovery in signal processing, statistics, and machine learning. IEEE 

Access, 6, 69883-69906.
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Examples: Invex Regularizers

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing 
Systems, 35, 10780-10794.

Convex

Invex
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Examples: Invex Fidelity Losses

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.

Convex

Adaptive Robust (Invex)
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Tools for Invexity

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.

Convex

Adaptive Robust (Invex)

These organized mathematical tools are useful to 

construct invex functions, which we believe are 

missing in the literature.
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Sparse Signal Representation

Candès, E. J., & Wakin, M. B. (2008). An introduction to compressive sampling. IEEE signal processing magazine, 25(2), 21-30.
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Sparse Signal Representation

Candès, E. J., & Wakin, M. B. (2008). An introduction to compressive sampling. IEEE signal processing magazine, 25(2), 21-30.
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Recovery Guarantees: For Convex Regularizer

Candès, E. J., & Wakin, M. B. (2008). An introduction to compressive sampling. IEEE signal processing magazine, 25(2), 21-30.

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing 
Systems, 35, 10780-10794.

Key message:

Same recovery 

guarantees are valid 

for the presented 

invex regularizers.
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Family of Invex Functions

Properties

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.

Key message:

• Family of invex functions 

closed under summation.

• It paves the way for 

establishing theoretical 

guarantees for global optima. 

• Secondly, it bestows practical 

benefits to practitioners.

• Offer a systematic 

methodology for 

constructing invex functions.

• Convexity is not always 

preserved under minimum 

and product.
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Examples

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.

Verifying Definition
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Proximal Operator

Parikh, N., & Boyd, S. (2014). Proximal algorithms. Foundations and trends® in Optimization, 1(3), 127-239.
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Proximal Operator

Parikh, N., & Boyd, S. (2014). Proximal algorithms. Foundations and trends® in Optimization, 1(3), 127-239.
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Proximal Operator: Family of Invex Function

Consequence of 

using studied 

family of invex 

functions

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.
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Proximal Operator: Family of Invex Function

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing 

Systems, 35, 10780-10794.
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(8)

(9)

(10)
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Speed of Proximal for Invex Functions

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning 
Representations.

(7)
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Machine Learning

Elements

• Activation functions

• Weights.

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in AI.



21

Classification of Activation Functions

Tools

Example

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in AI.
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Invex Neural Networks
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Generative Neural Networks

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in AI.
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ResNet Structure

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in AI.
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Transformer Structure

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in AI.
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