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Problem formulation landscape

Layer 1 (Data) Layer 2 (Mathematics) Layer 3 (Software)
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Data chosen in terms of Model chosen in terms of Software chosen in terms of
= Noise Level » |mage formation process " Hardware capabilities
= Colour properties = Optics resolution = Performance
= Depth information = Sensor model (noise) " Reproducibility
= Resolution = Convex/Non-convex = Costs
= Quality optimisation = Flexibility
= Dataset size = Light source = Distributed programming
= Fourier frequencies __, = Fourier optics theory _, " Scalability
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Timeline in Optimization
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Lacks of examples

Based on List of practical invex functions

Subdifferential

Studied on proximals . . . . . c . .
Hermann Conjugate function P Concept of invexity Purely mathematical Book on invexity Algorithms employing invexity
Minkowski : Non-expansive operators was introduced 5 o
. Augmented lagrangian method pansive ap Published papers with Same advantages as in convexity
WOr'

important errors

Many concepts of convex Many concepts of
geometry found their operators were developed
culmination in functional analysis

1953 1970 late 80s' late 90s' 2007 2022

Definition 2 (Invexity). Let f : R™ — [ be locally Lipschitz; then f is invex if there exists a
function n : R™ x R™ — R"™ such that

f(@) — fly) 2 T, y),
Yz, y € R". V¢ € df(y).

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing
Systems, 35, 10780-10794. 3
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Invexity Concept

Definition Assume X C R™ 1s an open set. The differentiable function
f: X — R is invex if there exists a vector functionn: X x X — R" such that

f(@)— fly) = nlz,y)" V),

Va,y € X.

It is well known that a convex function simply satisfies this definition

for n(z,y) =z —y.

-
Key property

Theorem Let f : X — R be differentiable. Then f is invex if and only

iof every stationary point is a global minimaizer.

\_

Invexity vs Convexity

While convexity is not
sufficient to characterize
the above function invex.

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing

Systems, 35, 10780-10794.
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Why Invexity?

Assumption Stable recovery Best performance | Efficient recovery algorithm
Convexity X X V
Invexity / « «

Our contributions

* Wider range of regularizer for imaging
*  We provide uniqueness recovery

* Efficient algorithms

* Best imaging performance

Universe of optimisable functions

Ours

||| -quasinorm

g(@) = log(1 + |[i]])
=1

7~ ] N
// Pseudo-convex \\
\

prox-regular

Quasi-invex

Enjoys extensive maths, but it does
not provide the best performance;
limited options (smallest set)

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning

Representations.
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Example

~ Deblurring

Compressive sensing

Formulation Fidelity term

!
Minimize F(x) = f(x)|Hg(x)
x € R" ]
Regularizer

Challenges

*  Selection of the regularizer (e.g. convex, Invex)
*  Successful Recovery depends on the regularizer
*  Preserve image quality

*  Development of efficient algorithms

Wen, F., Chu, L., Liu, P., & Qiu, R. C. (2018). A survey on nonconvex regularization-based sparse and low-rank recovery in signal processing, statistics, and machine learning. IEEE

Access, 6, 69883-69906.
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Convex

Examples: Invex Regularizers

g(w) =" (|afil| + )" forp € (0.1) and € > (p(1 —p)) 77,

o) = log(1 + [all),
=[] Invex
9(@) _g 2+ 2|z[i]|’ [=— Gl v ey
H—e— loli(ll + |z|)
g(:B) _ Z — m[?JZ] [Z] | 1+]z]

|[i]|
2 + 2|x[i]|

og(1 + [x[i]]) —
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Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing
Systems, 35, 10780-10794. 7
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° ° C
Examples: Invex Fidelity Losses onvex

(Cauchy) f(x) = Zlog (1 + mQ[z'])

02 b
™ 9] i
(Geman-McClure) f(x) = ; 2201 + 452 1A
- (=
(Welsh)  f(z) = ; I —exp ( 252 ) Adaptive Robust (Invex)
(Adaptive robust) f(x) = Zn: @ — 2| (M + 1) v —1
—~ «a la — 2|
— N 1 20 mz[@]
flx) = ; og (1 +27[i]) - 222[i] + 2

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning
Representations. 8
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Convex

Tools for Invexity

1. every stationary point of f is a global minimizer

e
-
4=

2. f does not have stationary points

3. for n =1 if first derivative of f satisfies o’ > 0 +

e

These organized mathematical tools are useful to
construct invex functions, which we believe are
missing in the literature.

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning

Representations. 9
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Sparse Signal Representation

@ Wavelet coefficients of natural scenes exhibit the
(1/n)-decay’.
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1 Megapixel Image Wavelet Coefficients

Candes, E. J., & Wakin, M. B. (2008). An introduction to compressive sampling. IEEE signal processing magazine, 25(2), 21-30.
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Sparse Signal Representation

Basis Pursuit — find the sparsest approximation of x

min ||||; St x=VY«
(87

where [|a; = ¥, |al

@ BP decomposes a signal into a superposition of dictionary
elements having the smallest ¢,-norm among all such
decompositions.

Candes, E. J., & Wakin, M. B. (2008). An introduction to compressive sampling. IEEE signal processing magazine, 25(2), 21-30.
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Recovery Guarantees: For Convex Regularizer

Key message:

A matrix A € R"*" satisfies the Restricted Isometry Property if there

' S
exists a constant 6 > 0 such that ame recovery

guarantees are valid
for the presented
invex regularizers.

(1= 9)lIxllz < llAx]lz < (1 +4)]xIl2

with high probability. Z
L Y b g =3 (el + )

Outline of the proof: =1
— N log(1 + |afi]]),
1. Show that for a fixed sparse vector x, ||Ax||? ~ ||x||? with high 9() ; og(1 + il

9@ =) 3 S+ olzfi]]’
2. Count up the "number" of sparse vectors, and show that i=1
|Ax||5 ~ [|x||5 for all of them with high probability. - 9(=) =2 1 fg[z‘]’
: =1

Candes, E. J., & Wakin, M. B. (2008). An introduction to compressive sampling. IEEE signal processing magazine, 25(2), 21-30.

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing 1 2

Systems, 35, 10780-10794. Classification: Public



Family of Invex Functions

Definition (Family of Functions) Let h : R" — R such that h(z) = > ., r(|z[i]]),
where 1 : [0,00) — [0,00) satisfies

1. 7(0) =0, and ' (w) > 0 for w € (0,00);

2. r(w)/w? is non-increasing on (0, 00).

Properties

Theorem 8 (Algebraic Properties) Let f,g: R" — R be two functions as in Definition,
such that f(x) = > 1, sf(|eld]]), and g(x) = > 7" se(|x[i]]). Then the following functions

are imuvex:

f(x), and g(z);

o g(x) = af(zx) + Bg(x) for every a, 8 > 0;
o q(x) =311 (s5 o sg)(|x[i]]);

o q(x) =3 i (55 - sg)(|[i]]);

o g(z) = f(z) — g(x), if sp(w) > sy(w) and % non-increasing on (0,00) for
some integer ¢ > 0;

o g(®) = >, min(ss(|a[i]]), sgl2[i]]);
o q(x) =iy max(sy(|z[i]]), solx[i]]).

Key message:

Family of invex functions
closed under summation.

It paves the way for
establishing theoretical
guarantees for global optima.

Secondly, it bestows practical
benefits to practitioners.

Offer a systematic
methodology for
constructing invex functions.

Convexity is not always
preserved under minimum
and product.

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning

Representations.
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Verifying Definition
Examples e

, | (%log(1+awp))/w

: 10 ‘
H —e—q = 1.0
Lemma (Invex Mappings) The following functions forp € (0,1), € >0, andw € R} | F ea=05
are tnvex: a=01
L og(1 ' 0,1 9
= - ca € (0,1], :
q(x) ;a og(1 + alx[i]|),a € (0,1],

T

q(x) = Zﬁ‘i—[gw:@z?

1=
n

a(@) = 3 ~log(1 +alel]] +)7).a € (0.1],
i=1
- n a/p
0(X) =3 S 0xtidl+ar) azp
i=1 \ j=1
x) = Y 0g x|i _—\w[?,]\ a N
(@) = D log 1+ [elil) — 5S> 2
Nl (! . 2]
@) = Sl (g1 + alelil) s ) € 0.1

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning

Representations. 1 4
Classification: Public



Proximal Operator

» proximal operator of f : R" — RU {400} is
prox, ;(v) = argmin (f(z) + (1/2))[|lz — v||3)
with parameter A > 0

» f may be nonsmooth, have embedded constraints, ...

> evaluating prox involves solving a convex optimization problem

Parikh, N., & Boyd, S. (2014). Proximal algorithms. Foundations and trends® in Optimization, 1(3), 127-239.
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Proximal Operator

1

—1/2 (:r;—fv)2—|—1/3 |’r|3
—1/2 (.’II—’U)z

— [(z) =1/3 |2]”
® prox,(5) =1.79

0.00 1.79 5.00
xT

Parikh, N., & Boyd, S. (2014). Proximal algorithms. Foundations and trends® in Optimization, 1(3), 127-239.
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Proximal Operator: Family of Invex Function

minimize f(z) + g(z)

» method:
gl = prox)\kg(:r:k — AV F(2M))

» converges with rate O(1/k) when V f is Lipschitz continuous with

constant L and step sizes are A\¥ = \ € (0,1/L]

(> 0c Vf(x*) + dg(x*) if and only if )

o* = (I +X0g) (I — AV f)(z*)

\_ l.e., x* is a fixed point of forward-backward operator y

Consequence of

+ using studied

family of invex
functions

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning

Representations.
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Proximal Operator: Family of Invex Function

Comparison between regularizers Proximal landscape Eq. (6) Proximal landscape Eq. (7)

10 i 10 10

—e— ]';q. (6)

Eq. (7)

8 —— Eq. (8) 5 5

e g:}.' ((?r))) n

_ : p
| 6) 9@ =S ([l + e,
Ig 0 =1

al
) s 5 (7) g(x) =) log(1l+ |x[i]|),
910 5 0 5 10 _1(210 o, 1 )

55 5 (9) I :7;:11—'_:1:27;,
0 0 n | .
(|O) g(x :;bg 1+ |zl —2_;;;@. :

w

Pinilla, S., Mu, T., Bourne, N., & Thiyagalingam, J. (2022). Improved imaging by invex regularizers with global optima guarantees. Advances in Neural Information Processing

Systems, 35, 10780-10794. o ) 1 8
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Speed of Proximal for Invex Functions

invex2D _kernel = cp.RawKernel(r'"'
extern "C"
__global _ void invex2DFilter(const float *x, float *y, float lamb, float g, int size){

int tid = blockDim.x * blockIdx.x + threadIdx.x;

if (tid < size){
float beta = powf(2.8*lamb*(1.8-q),1.08/(2.8-q));
float tau = beta + lamb*g*powf(beta,g-1.9);
float sign = -2.@*%signbit(x[tid]) + 1.8;

y[tid] = @.ef;

if(fabs(x[tid]) » tau){
float z = beta + (fabs(x[tid])-beta)/2.8;

for{int k=0;k < 4;k++){
7z = fabs(x[tid]) - lamb*g*powf(z,g-1.8);
¥

y[tid] = sign * z;

. python’

"', 'invex2DFilter')

equation (7) {,-quasinorm  equation (9) ¢1-norm
Time 2.8ms 1.06ms 0.86ms 0.66ms

Pinilla, S., & Thiyagalingam, J. (2024, May). Global optimality for non-linear constrained restoration problems via invexity. In The Twelfth International Conference on Learning
Representations. 1 9
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Machine Learning
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Classification of Activation Functions

Name Activation function Range Type :
Identity (37) o(z) == (—o0, )
Absolute value (31) o(x) = |z| [0, 00) TOOIS
ReLU (52) o(x) = max{0,z} [0, 00) :
x ifx>0 Convex

Leaky ReLU (39) o(z) = { 0.0lz  otherwise (=00,00) 1. every stationary point of f is a global minimizer
Softmax (1) 0i(®@) = oy i (0,1) _ _
Softplus (3/) o(z) = L log(l + e}gaﬂ) 80 (0, 50) 2. [ does not have stationary points
Generalized Sigmoid (35) o(r) = 75, o, >0 (0, @) : o S : /
Shifted-Scaled Sigmoid (36) o (x) — 1; L b0 (0.1) 3. forn =1 if first derivative of f satisfies o' > 0
SiLU (37) o(x) = 1+P - [~ —0.27,1)
SigLin (38) o(r) = {re= + 0.1z (—00,00) E
Sof.t—root—sign (39) o(x) = W [(3_626) ,2) Example
Elliot (40) o(z) = T3] T 09 (0.1) Invex
Log-ReLU (41) o(x) = log(Bmax{z,0} + 1), >0 [0, c0) Log-ReLU: This function is defined as o(x) = log(8 max{z, 0}+1) for § > 0.
Suish (239) o(r) = max{x, ve~|*I} [~ —0.36, ) : Oo(x) is given as
SELU (42) o(x) = A (max{0, 2} + min{0, a(exp(z) — (= —1.67,00) 0 if 2 <0

1)1), A ~ 1.05, a ~ 1.67 80(:6):{% if2>0 |
Biopolar Sigmoid (43) o(x) = }_T_g_: (—1,1) : 0,8 ifz=0
Hyperbolic tangent (/4) o(x) = tanh(x) -1,1)
TanhSig (23) o(x) = (z + tanh(z)) /(1 + exp(—x)) ~ [—0.47, 00)
E-swish (45) o) =Pi7e=,8>0 [~ —0.2783, )
GELU (46) o(x) = 2®(2) ie., ®(z) = (1 + erf(%)) [~ —0.16, )
Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in Al. 21

Classification: Public



Invex Neural Networks

Mathematically, without loss of generality, an enhanced perceptron layer of a deep neural network Ny defined
as £ : R x RY — R? is given by

l(z,p) =0 (Wz+b)+p,

Proposition 2. If {(z,p) is an enhanced perceptron layer then is invex. Additionally, any feed-forward
composition of an arbitrary number of enhanced hidden layers, yields to an invexr network.
{(x)

| e o t11(211) 12(212) .

128 64 64 1

—

390300 ¥

388x388 ¥
388x368 ¥

570x570
392x392

568x 68

l9(29)

8 572x572

64 128 128

t10(210)
256 128 Iz

N
[o~]

: UNet Structure with ReLU
+ Trained on VOCSegmentation dataset

» B i TTTATemamtanmsfsesfesassenssnsnne R
ol &

200?

lo(zg) I

512 256 256

L7 = conv 3x3, ReLU
]0258(28) £ 2 S =»copy and crop :
S T ¥ Max Pool 2x2

4 7 b :
1024 ‘ up-conv 2x2 | UNet Structure with SELU
4*&\‘ ' = conv Ixl : Trained on VOCSegmentation dataset 22
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Generative Neural Networks

P a

E Landscape GAN structure
Trained on MNIST dataset

PN
e RACRa (L Lgr b
2 S R xR R X
T {(x) t1(z1)  falzg)  f3(23)
mp BatchNormid, LeakyReLU
=P Tanh

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in Al.
Classification: Public
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ResNet Structure

m ~ ResNet Block

| weight layer

¢ ReLU

. | weight layer |
{ RelU

Identity

| weigh.t layer |

| Reset Block, 512 |
| ResNet Block, 512 |
v
Avg Pooling
v
fc 1000

[ ResNet Block, 128 |
| ResNet Block, 128 |

[ ResNet Block, 64 |

8
7x7 Conv, 64, /2
v
RelLU
\
Max Pooling, /2
\
| ResNet Block, 64 |

Without skip connection and Rel.U With skip connection and Rel.U Without skip connection, and SELU Without skip connection, and SELU
Trained on CIFAR-10 dataset Trained on CIFAR-10 dataset Trained on CIFAR-10 dataset Trained on 1D ECG dataset
Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in Al. 24
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Transformer Structure

STt T T T E AR E AR E A A AR I T T T T T T e e T EEEEEEEEEEEEE i : .
: C E - E Landscape ViT structure
— ~ | -~ ~ P Y T GEE— 1 . — S — TS | 1
1 1 I 1 .
o | ! : . Trained on Cats-Dogs dataset
£ ] I 1 1
S o : ' . : '
v = ! ! > & o !
At U O . ' O © ' I
' = T 5| Y g a8 Y oo i £ =alii= NI = = ! '
= | c R= N < — D\ . = R= N\ ol I ! .
[} ) — - - = I
Himheck e i ammEhintEiCabtinnl
Q 1 Z s 1 1 Z: < 1 '
"g : > : 1 > : '
= | o o
~—— A | — ~— — — 1 1 — ~—— ——— ~ : :
P f=) . 2L b)) o ke

Theorem 8. Let f:R" — R™, and g : R"™ — R? be differentiable functions defined as

fi(x) [ g1(2)
f(x) = ;o g9(z) = ’
i ffm(m) ] gp(?:)

for fi 1 R" = R, and g; : R™ - R, withp <m <n, andi =1,..., m, 7 =1,...,p. If the Jacobian matrices

Jr(x) € R™*™, and J,(z) € RP*™ of functions f, and g respectively are full-row-rank for all * € R"™, and
z € Cs, with C; = {z € R™|3z € R" such that f(x) = z}, then functions

hj(x) = (g; © f)(®) = g;(f(x)), (12)

for 3 =1,...,p are invex with respect to the same 1.

Pinilla, S., Sanabria, A., Bi, J., & Egiazarian, K. (2025). What Makes Neural Networks Trainable? Invexity as a Structural Design Principle in Al. 25
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