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Linear Inverse Problems

b=Axz+e

® observations b € R™

model/design/regressor matrix A € R™*"
® parameter vector x € R"

® random measurement noise e € R™

Bayesian approach

m(z|b) «x 7(blx) 7(x)
—_——

posterior likelihood prior

What is a suitable noise model? What is a suitable prior?
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Linear Inverse Problems (cont.)

Gaussian model

® Gaussian noise: e ~ N(0,%.) with $;1 = AT
® Gaussian prior: # ~ N(0,3,) with ;1 =6 LTL

® (aussian posterior
. A 5 0 9
r(alb) = N (&, Zap) o exp ( ~5 1Az — bl — 31 La3
where X, = (LT L+ XATA)~! and & = A%, , ATb

® posterior mean is maximum a posteriori estimate

® Bayesian perspective: 7(z|b) is the solution
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Sampling from the posterior distribution

Objective: compute samples from posterior distribution N (&, X)

® Direct method: factorize ¥, = R” R and compute
z=2+R"y, y~N(OI)

* Randomize-then-optimize: generate b ~ N (b, \"'I) and & € NV'(0,6-'1) and compute

A A )
T = argmin {2||Au —b|j3 + §||Lu - 6||§}
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Markov chain Monte Carlo and Plug & Play priors

® Unadjusted Langevin algorithm: samples from approximate posterior
Tp+1 = xk + yViogm(y|lag) + YV log w(xk) + /27Uk+1, ugt1 € N(0,1)

® Apply Moreau—Yosida regularization if prior is nonsmooth:
Tpy1 = 2 +YViogw(ylay) + % [prox}; (zr) — k) + v/ 2vUk41, ug+1 € N(0,1)

® Replace ! [prox};(z) — ax] by € *[Dc(zy) — x1] where D, is a neural network
(Laumont et al. 2022)
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Additional prior information

Suppose z is known to be nonnegative, i.e., x € R’t. What is a suitable prior?

Uniform Truncated Gaussian Projected Gaussian
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Sampling from projected Gaussian density

Oblique projection of 7, = A (u, X)) onto a closed, convex set C C R"

- 1
=12 () = argmin —lu—2|% ., 2~N(Y)
uelC 2

. . . . e .. -1, .
® z is well-defined since I is positive definite and IIZ  is continuous

-1 _11-1
P ' (z) € E) =P (x € [Hg ] (E)>
® optimality condition for projection problem can be expressed as

x € z+ XN¢(z)
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ojection

Oblique pr

z+ XN¢(2)

2+ Ne(z)
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Example

Quarter disc one-and two-dimensional densities
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Non-empty, closed, convex set

® Positive probability on boundary and relative interior
P(IIZ ' (z) €bd(C)) >0 and P(IIZ  (z) € relint(C)) > 0
® Posterior mean is in the relative interior of C'
E[IIZ ' (2)] € relint(C)

® MAP estimate is undefined
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Polyhedral set

Suppose C is a polyhedral set and F'is a face of C.

® For any measurable set £ C relint(F'), we have

P (ng(az) € E) = /Eﬂ'p(z) dz

where 7 (2) is the dim(F')-dimensional density
wr(2) :/ (2 + v) dv.
ENc(z)

® Projected density H%fl(x) is proportional to the density of 2 on the relative interior of
any face of C.
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Projected Gaussian posterior

Randomize-then-optimize: generate b ~ N (b, \~'I) and ¢ € N'(0,6~'1) and compute
A ~ 1)
x = argmin {||Au — |2+ || Lu - é||§}
ueC 2 2

® every sample requires the solution of randomized constrained LS problem
® posterior is well-defined, but what does the prior look like?
® suppose C' is polyhedral and F'is a face of C

7,7 (1) X Ty (xo + Cu), 29+ Cu € relint F
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Hierarchical Bayesian model

Hierarchical Bayesian model with hyper priors A ~ I'(ay, 8x) and 6 ~ T'(as, Bs)

() oc A" Lexp(=ByA), for A >0
7(6) o< 6% Lexp(—fBs6),  for § >0

Full posterior
7Tx,>\,6|b($>>\a5) o )\m/2+ak—15n/2+a5—1

A 1)
oxp (= llAz = = FLal} - 53— 50
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Polyhedral Cone Hierarchical Gibbs Sampler

Initialization: Choose (20, ay, fx, as, @y ).
Fork=1,2,...
Compute (g, 0x) ~ Tx 5 as follows:
A ~T (m/2 + o, %”Al'k—l — b”% + ,BA)
5k ~T (dlm(F(LEk_l))/Q + as, %||L$k_1||§ + ﬁ&)
Compute x ~ T4p, 5,5 by solving instance of:

A . é
xp = argmin {k||Au — bl + i||Lu — é|%}
ueC 2 2
End.

Extension: convex regularization functions with polyhedral epigraph
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Numerical example: CT reconstruction
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Numerical example: CT reconstruction (cont.)

ACF for A ACF for 6

1.0 — unconstrained 1.0 — unconstrained
=== nonnegativity === nonnegativity

Model
e [ is first-order diff.
°* C=R"

o 2 4 6 8 10 o 2 a 6 8 10
A distribution 6 distribution
G | b bs sam ple r == unconstrained == unconstrained
4000 m== nonnegativity 4000 ms= nonnegativity

® 15000 samples (1000 burn-in)
® 1000 iterations with APG
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Numerical example:

Unconstrained
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Numerical example: CT reconstruction (cont.)

Unconstrained
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Summary

implicit prior defined through projected posterior
positive probability on boundary

Gibbs sampler when the set C' is polyhedral
preprint available on arXiv [2209.12481]
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