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Models + Task à Control

Data à Models + Task à Control

Data à Control



Data à Models + Task à Control
Models useful for (i) control design, (ii) fast simulations

(iii) system monitoring, (iv) anomaly detection, etc.
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Exploring unknown environments

Online system identification è learning models at run-time

Adaptation (change the objective)
(repurposing, changing mission objectives)

Handling unexpected failures

“Small” data

From: NASA From: nbcnews.com
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Learning from demonstrations è constraint/task learning

Generalization
(performing the tasks in new environments)11/4/22

“Small” data

Teaching a robot to do a task

Data à Models + Task à Control
Task specifications useful for (i) control design

(ii) system monitoring, (iii) anomaly detection, etc.



LTI system identification

11/4/22 Necmiye Ozay, Michigan, EECS 5

Given input/output data (                   ) coming from a linear 
time invariant (LTI) system subject to noise (         ), find a 
system model.

{ut, yt}Nt=0

wt, zt
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LTI system identification

11/4/22 Necmiye Ozay, Michigan, EECS 6

Given input/output data (                   ) coming from a linear 
time invariant (LTI) system subject to noise (         ), find a 
system model.

Some questions:
• What model/parametrization to choose? 

– LTI systems can be modeled in different ways (state-space models, auto-
regressive models, impulse response models)

– How to pick a system order?

• What algorithm to use? 
– Typically posed as an optimization: What is the computational complexity? 

Do we need regularization and if so, how?

• What type of guarantees can we give for these algorithms?

{ut, yt}Nt=0

wt, zt
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LTI system identification
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Given input/output data (                   ) coming from a linear 
time invariant (LTI) system subject to noise (         ), find a 
system model.

• Asymptotic analysis: 
– As the data size N goes to infinity and/or noise (          ) level 

goes to zero, can we learn the system model?

• Non-asymptotic analysis: 
– Given finite amount of noisy data, how does the identification 

accuracy depend on the data size N and noise? 
– What can the best identification algorithm achieve in this case?

{ut, yt}Nt=0

wt, zt
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Existing results (incomplete list)
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• AsymptoFc analysis: 
– As the data size N goes to infinity and/or noise (          ) level goes to zero, 

can we learn the system model?
Textbook on sys id: [Ljung 99], standard methods: Ho-Kalman (Eigen 

RealizaPon Algorithm-ERA), N4SID, etc.

• Non-asymptoFc analysis: 
– Given finite amount of noisy data, how does the idenPficaPon accuracy 

depend on the data size N and noise? 
– What can the best idenPficaPon algorithm achieve in this case?

Control theore5c methods: [Weyer et al. 99], [Vidyasagar & Karandikar
01], [Campi & Weyer 02], [Akcay 04], [Carè et al. 18], etc.

Sta5s5cal machine learning methods: [Hardt et al. 16], [Dean et al. 17], 
[Hazan et al. 17], [Tu et al. 17], [Sarkar & Rakhlin 18], [Simchowitz et al. 18], 
etc.

wt, zt
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Detour: random design linear regression
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Assume we want to estimate a static quantity ⍺ from N
noisy measurements y:

y = U ⍺ + ε
where U has iid Gaussian entries and ε is zero-mean iid. 
• Asymptotic analysis: least squares estimator is 

consistent, i.e., as N goes to infinity, the estimate 
converges to the true value in probability

• Non-asymptotic analysis: least squares estimate 
satisfies, with high probability,

Hsu, Kakade, Zhang, COLT’12



Plan

11/4/22 Necmiye Ozay, Michigan, EECS 10

Focus on a well-known system identification algorithms:
• Can we achieve similar sample complexity results for 

system identification algorithms where the data is 
highly correlated?

• Part 1: State-space models – Ho-Kalman Algorithm

• Part 2: Autoregressive models – Ordinary least squares

Joint work with Samet Oymak, UC Riverside
ACC’19, TAC’22

Joint work with Zhe Du, Zexiang Liu, Jack Weitze, Michigan
CDC’22



LTI system identification
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Given input/output data (                   ) coming from a linear 
time invariant (LTI) system subject to noise, find a system 
model.

State-space model: 

ARX model: 

{ut, yt}Nt=0

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>



Plan
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Focus on a well-known system identification algorithms:
• Can we achieve similar sample complexity results for 

system identification algorithms where the data is 
highly correlated?

• Part 1: State-space models – Ho-Kalman Algorithm

• Part 2: Autoregressive models – Ordinary least squares

Joint work with Samet Oymak, UC Riverside
ACC’19, TAC’22

Joint work with Zhe Du, Zexiang Liu, Jack Weitze, Michigan
CDC’22



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis)

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis)

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

x̃ = Px )
<latexit sha1_base64="2u7E4nCl6ZnpRJcU0GCfIgLs7sc=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAbBKuyaQhs1YGMZxTwgWcLs7GwyZPbBzF1NWAI2/oqNhSK2Vv6BnX/jZJNCEw9cOJxzL/fe48aCK7CsbyO3sLi0vJJfLaytb2xumds7dRUlkrIajUQkmy5RTPCQ1YCDYM1YMhK4gjXc/uXYb9wxqXgU3sIwZk5AuiH3OSWgpY651wYuPJYORvgMVwe4fcO7PSBSRvcds2iVrAx4nthTUrz4LGeodsyvthfRJGAhUEGUatlWDE5KJHAq2KjQThSLCe2TLmtpGpKAKSfNfhjhQ6142I+krhBwpv6eSEmg1DBwdWdAoKdmvbH4n9dKwD91Uh7GCbCQThb5icAQ4XEg2OOSURBDTQiVXN+KaY9IQkHHVtAh2LMvz5P6cckul6xrq1g5RxPk0T46QEfIRieogq5QFdUQRQ/oCb2gV+PReDbejPdJa86YzuyiPzA+fgCJi5ml</latexit>

x̃t+1 = PAP�1x̃t + PBut

yt = CP�1x̃t +Dut
<latexit sha1_base64="be6BYwRpWp9r5ogcO2zjIQMjcIg="></latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis).
– we can only learn the controllable and observable part

• Assume: The system is controllable and observable

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis).
– we can only learn the controllable and observable part

• Assume: The system is controllable and observable
• Two step procedure:

1. Estimate the Markov parameters of the system:

Markov parameters are invariant to the choice of basis
2. Estimate the “system matrices” from Markov parameters

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

D,CB,CAB,CA2B, . . . , CAtB, . . .
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis).
– we can only learn the controllable and observable part

• Assume: The system is controllable and observable
• Two step procedure:

1. Estimate the Markov parameters of the system:

Markov parameters are invariant to the choice of basis
2. Estimate the “system matrices” from Markov parameters

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

D,CB,CAB,CA2B, . . . , CAtB, . . .
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Ho-Kalman Algorithm
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• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .
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H: hankel matrix
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n: state-space dim
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rank(H) = n
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Ho-Kalman Algorithm
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• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>

2

6666664

CB CAB CA2B . . . CAT2B
CAB CA2B . .

.
. . . CAT2+1B

CA2B . .
.

. .
.

. . .
...

... . .
.

. .
.

. . .
...

CAT1B . .
.

. .
.

. . . CAT1+T2B

3

7777775
=

2

666664

C
CA
CA2

...
CAT1

3

777775

⇥
B AB A2B . . . AT2B

⇤

<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ="></latexit>

H
+

<latexit sha1_base64="VPVZHRq5kGPFAtibpNlpC1GKX9s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqAhlRkHdWXDTZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9y1Fev6NSsUjc6EFMvRB3BQsYwdpY1+Xbo7add4rOWGge3CnkL94L3x8PrcNK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNChxS5aXjUYfowDgdFETSPKHR2P3dkeJQqUHom8oQ656azUbmf1kz0cG5lzIRJ5oKMvkoSDjSERrtjTpMUqL5wAAmkplZEelhiYk218mZI7izK89D7bjonhSdKydfOoWJsrAH+1AAF86gBGWoQBUIdOEenuDZ4taj9WK9Tkoz1rRnF/7IevsB/oCRSQ==</latexit>

H
�

<latexit sha1_base64="8jP6jVwjyIdhxVhqt61r4tY+5zs=">AAAB63icbZDLSgMxFIbPeK31VnXpJliEurDMKKg7C266rGAv0I4lk2ba0CQzJBmhlL6CLlwo4ta3cOUjuPNB3Jtpu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymlnLrm9sbm3ndnZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf9qzSv31GlWSRvzCCmvsBdyUJGsEmt8u0xaufybtEdC82DN4X85Xvh++OhdVRp5z5bnYgkgkpDONa66bmx8YdYGUY4HWVbiaYxJn3cpU2LEguq/eF41hE6tE4HhZGyTxo0dn93DLHQeiACWymw6enZLDX/y5qJCS/8IZNxYqgkk4/ChCMToXRx1GGKEsMHFjBRzM6KSA8rTIw9T9YewZtdeR5qJ0XvtOheu/nSGUyUgX04gAJ4cA4lKEMFqkCgB/fwBM+OcB6dF+d1UrrgTHv24I+ctx9X0pF1</latexit>

H+ = OQ =) H� = OAQ
<latexit sha1_base64="jQspfMzS3qyrqyfQNzpgq2Qnv9g=">AAACC3icbVC7SgNBFJ2NrxhfG+20GRIEQQy7CmoTiNikEJKAeUBezE4myZDZmWVmVgkhvU1+RQQLRWwtbO38EHsnj0KjBy4czrmXe+/xAkaVdpxPK7KwuLS8El2Nra1vbG7Z8e2SEqHEpIgFE7LiIUUY5aSoqWakEkiCfI+Rste7HPvlGyIVFfxa9wNS91GH0zbFSBupaSeyjcN0rgBrV4J3JO10NZJS3MJs4wimYe6iAGHTTjopZwL4l7gzkszER/bX7vtDvml/1FoChz7hGjOkVNV1Al0fIKkpZmQYq4WKBAj3UIdUDeXIJ6o+mPwyhPtGacG2kKa4hhP158QA+Ur1fc90+kh31bw3Fv/zqqFun9cHlAehJhxPF7VDBrWA42Bgi0qCNesbgrCk5laIu0girE18MROCO//yX1I6TrknKadg0jgFU0TBHkiAA+CCM5ABWZAHRYDBHbgHT+DZGlmP1ov1Om2NWLOZHfAL1ts31Cub+w==</latexit>



Ho-Kalman Algorithm

11/4/22 Necmiye Ozay, Michigan, EECS 20

• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>

2

6666664

CB CAB CA2B . . . CAT2B
CAB CA2B . .

.
. . . CAT2+1B

CA2B . .
.

. .
.

. . .
...

... . .
.

. .
.

. . .
...

CAT1B . .
.

. .
.

. . . CAT1+T2B

3

7777775
=

2

666664

C
CA
CA2

...
CAT1

3

777775

⇥
B AB A2B . . . AT2B

⇤

<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ="></latexit>

H
+

<latexit sha1_base64="VPVZHRq5kGPFAtibpNlpC1GKX9s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqAhlRkHdWXDTZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9y1Fev6NSsUjc6EFMvRB3BQsYwdpY1+Xbo7add4rOWGge3CnkL94L3x8PrcNK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNChxS5aXjUYfowDgdFETSPKHR2P3dkeJQqUHom8oQ656azUbmf1kz0cG5lzIRJ5oKMvkoSDjSERrtjTpMUqL5wAAmkplZEelhiYk218mZI7izK89D7bjonhSdKydfOoWJsrAH+1AAF86gBGWoQBUIdOEenuDZ4taj9WK9Tkoz1rRnF/7IevsB/oCRSQ==</latexit>

H
�

<latexit sha1_base64="8jP6jVwjyIdhxVhqt61r4tY+5zs=">AAAB63icbZDLSgMxFIbPeK31VnXpJliEurDMKKg7C266rGAv0I4lk2ba0CQzJBmhlL6CLlwo4ta3cOUjuPNB3Jtpu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymlnLrm9sbm3ndnZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf9qzSv31GlWSRvzCCmvsBdyUJGsEmt8u0xaufybtEdC82DN4X85Xvh++OhdVRp5z5bnYgkgkpDONa66bmx8YdYGUY4HWVbiaYxJn3cpU2LEguq/eF41hE6tE4HhZGyTxo0dn93DLHQeiACWymw6enZLDX/y5qJCS/8IZNxYqgkk4/ChCMToXRx1GGKEsMHFjBRzM6KSA8rTIw9T9YewZtdeR5qJ0XvtOheu/nSGUyUgX04gAJ4cA4lKEMFqkCgB/fwBM+OcB6dF+d1UrrgTHv24I+ctx9X0pF1</latexit>

H+ = OQ =) H� = OAQ
<latexit sha1_base64="jQspfMzS3qyrqyfQNzpgq2Qnv9g=">AAACC3icbVC7SgNBFJ2NrxhfG+20GRIEQQy7CmoTiNikEJKAeUBezE4myZDZmWVmVgkhvU1+RQQLRWwtbO38EHsnj0KjBy4czrmXe+/xAkaVdpxPK7KwuLS8El2Nra1vbG7Z8e2SEqHEpIgFE7LiIUUY5aSoqWakEkiCfI+Rste7HPvlGyIVFfxa9wNS91GH0zbFSBupaSeyjcN0rgBrV4J3JO10NZJS3MJs4wimYe6iAGHTTjopZwL4l7gzkszER/bX7vtDvml/1FoChz7hGjOkVNV1Al0fIKkpZmQYq4WKBAj3UIdUDeXIJ6o+mPwyhPtGacG2kKa4hhP158QA+Ur1fc90+kh31bw3Fv/zqqFun9cHlAehJhxPF7VDBrWA42Bgi0qCNesbgrCk5laIu0girE18MROCO//yX1I6TrknKadg0jgFU0TBHkiAA+CCM5ABWZAHRYDBHbgHT+DZGlmP1ov1Om2NWLOZHfAL1ts31Cub+w==</latexit>

n: states
m: outputs
p: inputs

<latexit sha1_base64="afiI4mwR43j3oalo0NzL2NBeCZE=">AAACG3icbVA9SwNBEN2LX/H8ilraLCaCVbiLhWIVsLGMYD4gF8LeZpMs2ds9dueEEPI/bPwrNhaKWAkW/hv3Lldo4sDAe29mmJkXxoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0ctoxJNWZMqoXQnJIYJLlkTOAjWiTUjUShYO5zcpPX2A9OGK3kP05j1IjKSfMgpASv1S7VAKi4HTAKuyMo1NkCAmSBwK5FlKoE4gYzGlnKZsn6p7FW9LPAq8HNQRnk0+qXPYKBoEtklVBBjur4XQ29GNHAq2NwNEsNiQidkxLoWShIx05tlv83xmVUGeKi0TXtkpv6emJHImGkU2s6IwNgs11Lxv1o3geFVb5a9xCRdLBomAoPCqVF4wDWjIKYWEKq5vRXTMdGEgrXTtSb4yy+vglat6l9UvbtauV7L7SiiE3SKzpGPLlEd3aIGaiKKHtEzekVvzpPz4rw7H4vWgpPPHKM/4Xz9AAdZn3o=</latexit>

L
.
= SVDn(H

+) = U⌃V |

O
.
= U⌃1/2, Q

.
= ⌃1/2V |

C̄
.
= first m rows of O

B̄
.
= first p columns of Q

Ā
.
= O†H�Q†

<latexit sha1_base64="Ld3a1PfD9zOCFNmGiMAp/MBPhGw="></latexit>



Ho-Kalman Algorithm

11/4/22 Necmiye Ozay, Michigan, EECS 21

• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>

2

6666664

CB CAB CA2B . . . CAT2B
CAB CA2B . .

.
. . . CAT2+1B

CA2B . .
.

. .
.

. . .
...

... . .
.

. .
.

. . .
...

CAT1B . .
.

. .
.

. . . CAT1+T2B

3

7777775
=

2

666664

C
CA
CA2

...
CAT1

3

777775

⇥
B AB A2B . . . AT2B

⇤

<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ="></latexit>

H
+

<latexit sha1_base64="VPVZHRq5kGPFAtibpNlpC1GKX9s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqAhlRkHdWXDTZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9y1Fev6NSsUjc6EFMvRB3BQsYwdpY1+Xbo7add4rOWGge3CnkL94L3x8PrcNK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNChxS5aXjUYfowDgdFETSPKHR2P3dkeJQqUHom8oQ656azUbmf1kz0cG5lzIRJ5oKMvkoSDjSERrtjTpMUqL5wAAmkplZEelhiYk218mZI7izK89D7bjonhSdKydfOoWJsrAH+1AAF86gBGWoQBUIdOEenuDZ4taj9WK9Tkoz1rRnF/7IevsB/oCRSQ==</latexit>

H
�

<latexit sha1_base64="8jP6jVwjyIdhxVhqt61r4tY+5zs=">AAAB63icbZDLSgMxFIbPeK31VnXpJliEurDMKKg7C266rGAv0I4lk2ba0CQzJBmhlL6CLlwo4ta3cOUjuPNB3Jtpu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymlnLrm9sbm3ndnZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf9qzSv31GlWSRvzCCmvsBdyUJGsEmt8u0xaufybtEdC82DN4X85Xvh++OhdVRp5z5bnYgkgkpDONa66bmx8YdYGUY4HWVbiaYxJn3cpU2LEguq/eF41hE6tE4HhZGyTxo0dn93DLHQeiACWymw6enZLDX/y5qJCS/8IZNxYqgkk4/ChCMToXRx1GGKEsMHFjBRzM6KSA8rTIw9T9YewZtdeR5qJ0XvtOheu/nSGUyUgX04gAJ4cA4lKEMFqkCgB/fwBM+OcB6dF+d1UrrgTHv24I+ctx9X0pF1</latexit>

H+ = OQ =) H� = OAQ
<latexit sha1_base64="jQspfMzS3qyrqyfQNzpgq2Qnv9g=">AAACC3icbVC7SgNBFJ2NrxhfG+20GRIEQQy7CmoTiNikEJKAeUBezE4myZDZmWVmVgkhvU1+RQQLRWwtbO38EHsnj0KjBy4czrmXe+/xAkaVdpxPK7KwuLS8El2Nra1vbG7Z8e2SEqHEpIgFE7LiIUUY5aSoqWakEkiCfI+Rste7HPvlGyIVFfxa9wNS91GH0zbFSBupaSeyjcN0rgBrV4J3JO10NZJS3MJs4wimYe6iAGHTTjopZwL4l7gzkszER/bX7vtDvml/1FoChz7hGjOkVNV1Al0fIKkpZmQYq4WKBAj3UIdUDeXIJ6o+mPwyhPtGacG2kKa4hhP158QA+Ur1fc90+kh31bw3Fv/zqqFun9cHlAehJhxPF7VDBrWA42Bgi0qCNesbgrCk5laIu0girE18MROCO//yX1I6TrknKadg0jgFU0TBHkiAA+CCM5ABWZAHRYDBHbgHT+DZGlmP1ov1Om2NWLOZHfAL1ts31Cub+w==</latexit>

Balanced realizaJon

Hankel singular values

L
.
= SVDn(H

+) = U⌃V |

O
.
= U⌃1/2, Q

.
= ⌃1/2V |

C̄
.
= first m rows of O

B̄
.
= first p columns of Q

Ā
.
= O†H�Q†

<latexit sha1_base64="Ld3a1PfD9zOCFNmGiMAp/MBPhGw="></latexit>



Ho-Kalman Algorithm

11/4/22 Necmiye Ozay, Michigan, EECS 22

• Estimated Markov parameters:

• Form the Hankel matrix:

G = [D,CB,CAB, . . . , CATB]

Ĝ = [Ĝ�1, Ĝ0, Ĝ1, . . . , ĜT ]
<latexit sha1_base64="pFfAYXCyjiLqklPahbsXto1lyqs="></latexit>

2

6666664

Ĝ0 Ĝ1 Ĝ2 . . . ĜT2

Ĝ1 Ĝ2 . .
.

. . . ĜT2+1

Ĝ2 . .
.

. .
.

. . .
...

... . .
.

. .
.

. . .
...

ĜT1
. .
.

. .
.

. . . ĜT1+T2

3

7777775

<latexit sha1_base64="11cmxfZ4ElCzjawmNN7lJelBjfU="></latexit>

Ĥ
+

<latexit sha1_base64="zxhJPVXm4wcFZUe78nut4frjTy0=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWIQIkLYVVA7AzYpI5iLZNcwO5lNhszMLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPOCWJGlXacLyuzsLi0vJJdza2tb2xu5bd36ipKJCY1HLFINgOkCKOC1DTVjDRjSRAPGGkE/ctR3rgjUtFIXOtBTHyOuoKGFCNtrBuvh3RaGd4etfMFp+SMZc+DO4XCxXvx++PeO6y2859eJ8IJJ0JjhpRquU6s/RRJTTEjw5yXKBIj3Edd0jIoECfKT8cDD+0D43TsMJLmCW2P3d8dKeJKDXhgKjnSPTWbjcz/slaiw3M/pSJONBF48lGYMFtH9mh7u0MlwZoNDCAsqZnVxj0kEdbmRjlzBHd25XmoH5fck5Jz5RTKpzBRFvZgH4rgwhmUoQJVqAEGDg/wBM+WtB6tF+t1Upqxpj278EfW2w/NjZQW</latexit> Ĥ
�

<latexit sha1_base64="GuQJH16jMSJnEKPtEwY8kI36DxM=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWIQYmHYVVA7AzYpI5iLZNcwO5lNhszMLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPOCWJGlXacLyuzsLi0vJJdza2tb2xu5bd36ipKJCY1HLFINgOkCKOC1DTVjDRjSRAPGGkE/ctR3rgjUtFIXOtBTHyOuoKGFCNtrBuvh3RaGd4etfMFp+SMZc+DO4XCxXvx++PeO6y2859eJ8IJJ0JjhpRquU6s/RRJTTEjw5yXKBIj3Edd0jIoECfKT8cDD+0D43TsMJLmCW2P3d8dKeJKDXhgKjnSPTWbjcz/slaiw3M/pSJONBF48lGYMFtH9mh7u0MlwZoNDCAsqZnVxj0kEdbmRjlzBHd25XmoH5fck5Jz5RTKpzBRFvZgH4rgwhmUoQJVqAEGDg/wBM+WtB6tF+t1Upqxpj278EfW2w/QlZQY</latexit>

Ĥ
<latexit sha1_base64="fZaskgnGO9SEs5H1e935wvHHtww=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0YI8FLz1WsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i/87hPXRsTqEWcJ9yM6ViIUjKKVuoMJxaw5H5YrbtVdgmwSLycVyNEalr8Go5ilEVfIJDWm77kJ+hnVKJjk89IgNTyhbErHvG+pohE3frY8d06urDIiYaxtKSRL9fdERiNjZlFgOyOKE7PuLcT/vH6KYd3PhEpS5IqtFoWpJBiTxe9kJDRnKGeWUKaFvZWwCdWUoU2oZEPw1l/eJJ2bqndbdR9qlUY9j6MIF3AJ1+DBHTSgCS1oA4MpPMMrvDmJ8+K8Ox+r1oKTz5zDHzifP2T0j5E=</latexit>

L̂
.
= SVDn(Ĥ

+) = Û ⌃̂V̂ |

Ô
.
= Û ⌃̂1/2, Q̂

.
= ⌃̂1/2V̂ |

Ĉ
.
= first m rows of Ô

B̂
.
= first p columns of Q̂

Â
.
= Ô†Ĥ�Q̂†

<latexit sha1_base64="4vZWrDENmeHIDL1Kret5jkb+VQs="></latexit>
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• Estimated Markov parameters:

• Given a bound on
how good are the other estimates?

G = [D,CB,CAB, . . . , CATB]

Ĝ = [Ĝ�1, Ĝ0, Ĝ1, . . . , ĜT ]
<latexit sha1_base64="pFfAYXCyjiLqklPahbsXto1lyqs="></latexit>

L̂
.
= SVDn(Ĥ

+) = Û ⌃̂V̂ |

Ô
.
= Û ⌃̂1/2, Q̂

.
= ⌃̂1/2V̂ |

Ĉ
.
= first m rows of Ô

B̂
.
= first p columns of Q̂

Â
.
= Ô†Ĥ�Q̂†

<latexit sha1_base64="4vZWrDENmeHIDL1Kret5jkb+VQs="></latexit>

Algorithm

||G� Ĝ||
<latexit sha1_base64="cYLDh7J+idVn3CwATiK62EujmtE=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBG8WBIV9VjwUI8V7Ae0oWy2m3bpZhN3J4WS9nd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tlZW19Y3NnNb+e2d3b39wsFhXUeJoqxGIxGppk80E1yyGnIUrBkrRkJfsIY/uJv6jSFTmkfyEUcx80LSkzzglKCRvPG4ct7uE0wrk/G4Uyg6JWcGe5m4GSlChmqn8NXuRjQJmUQqiNYt14nRS4lCTgWb5NuJZjGhA9JjLUMlCZn20tnRE/vUKF07iJQpifZM/T2RklDrUeibzpBgXy96U/E/r5VgcOulXMYJMknni4JE2BjZ0wTsLleMohgZQqji5lab9okiFE1OeROCu/jyMqlflNzLkvNwVSxfZ3Hk4BhO4AxcuIEy3EMVakDhCZ7hFd6sofVivVsf89YVK5s5gj+wPn8A9gqSLg==</latexit>

Lemma:
kH � Ĥk 

p
min{T1, T2}kG� Ĝk

kL� L̂k  2
p

min{T1, T2}kG� Ĝk
<latexit sha1_base64="uOTg9uzKO/1ENCGvdlGGMi9yais="></latexit>

Theorem: Assume,                                          . Then, there exists a unitary matrix P s.t.kL� L̂k  �min(L)/2
<latexit sha1_base64="m8JRxOipZ2jrajzY3ce6n3czTQ0=">AAACDXicbVC7TgJBFJ3FF+Jr1dJmIppgIe6iiZYkNhYUmMgjYQmZHQaYMDO7zsyakGV/wMZfsbHQGFt7O//GAbZQ8CQ3OTnn3tx7jx8yqrTjfFuZpeWV1bXsem5jc2t7x97dq6sgkpjUcMAC2fSRIowKUtNUM9IMJUHcZ6ThD68nfuOBSEUDcadHIWlz1Be0RzHSRurYR964cuoNkI4riTf2GLmH0FO0z1En5lQkhcrJWalj552iMwVcJG5K8iBFtWN/ed0AR5wIjRlSquU6oW7HSGqKGUlyXqRIiPAQ9UnLUIE4Ue14+k0Cj43Shb1AmhIaTtXfEzHiSo24bzo50gM1703E/7xWpHtX7ZiKMNJE4NmiXsSgDuAkGtilkmDNRoYgLKm5FeIBkghrE2DOhODOv7xI6qWie150bi/y5VIaRxYcgENQAC64BGVwA6qgBjB4BM/gFbxZT9aL9W59zFozVjqzD/7A+vwBNhia7w==</latexit>

kC̄ � ĈPkF 
q

5nkL� L̂k

kB̄ � P
|
B̂kF 

q
5nkL� L̂k

kĀ� P
|
ÂPkF  14

p
n

�min(L)

�
2kH� � Ĥ

�k+

s
kL� L̂k
�min(L)

kH�k
�

<latexit sha1_base64="nhMK4O5T11bSw0HYIwQuPKAQZmw="></latexit>



Estimation of Markov parameters
Consider

assume, 

Then, cross-correlaNons of input and output give 
Markov parameters:
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xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

E

ytu⇤

t�k

�2
u

�
=

(
D if k = 0,

CAk�1B if k � 1.
<latexit sha1_base64="F3BtWXhovVjz0DOXB/7X5xxiRdU="></latexit>
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Given input/output data (                    ), from a process of the form:

where

consider N subsequences of data of length T+1:

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>
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Given input/output data (                    ), from a process of the form:

where

consider N subsequences of data of length T+1:

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>
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Given input/output data (                    ), from a process of the form:

where

consider N subsequences of data of length T+1:

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>

yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

for all t 2 {T + 1, . . . , N̄}
<latexit sha1_base64="jPWVlDHwnCf+lJRaqm+ie6pAf3g=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUQRlLAbQS0DNlYSIS/IhjA7mU0GZ2eWmbtCWPIHNv6KjYUitrZ2/o2TR6GJp7mHc+7l3nuCWHADrvvtZJaWV1bXsuu5jc2t7Z387l7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDO6vx37zgWnDlazBMGadiPQlDzklYKVu/jhUGhMhcBF8Lv20duqdYV/0FBhbA6LT25E/KnbzBbfkTo AXiTcjBTRDtZv/8nuKJhGTQAUxpu25MXRSooFTwUY5PzEsJvSe9FnbUkkiZjrp5J8RPrJKD48vC5UEPFF/T6QkMmYYBbYzIjAw895Y/M9rJxBedVIu4wSYpNNFYSIwKDwOB/e4ZhTE0BJCNbe3YjogmlCwEeZsCN78y4ukUS555yX3rlyoXMziyKIDdIhOkIcuUQXdoCqqI4oe0TN6RW/Ok/PivDsf09aMM5vZR3/gfP4ApLybGw==</latexit>

Recall:

G = [D,CB,CAB, . . . , CATB]
<latexit sha1_base64="53guOnkxpnSTWbW6BvS3DJh7XJM="></latexit>
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>

yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

for all t 2 {T + 1, . . . , N̄}
<latexit sha1_base64="jPWVlDHwnCf+lJRaqm+ie6pAf3g=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUQRlLAbQS0DNlYSIS/IhjA7mU0GZ2eWmbtCWPIHNv6KjYUitrZ2/o2TR6GJp7mHc+7l3nuCWHADrvvtZJaWV1bXsuu5jc2t7Z387l7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDO6vx37zgWnDlazBMGadiPQlDzklYKVu/jhUGhMhcBF8Lv20duqdYV/0FBhbA6LT25E/KnbzBbfkTo AXiTcjBTRDtZv/8nuKJhGTQAUxpu25MXRSooFTwUY5PzEsJvSe9FnbUkkiZjrp5J8RPrJKD48vC5UEPFF/T6QkMmYYBbYzIjAw895Y/M9rJxBedVIu4wSYpNNFYSIwKDwOB/e4ZhTE0BJCNbe3YjogmlCwEeZsCN78y4ukUS555yX3rlyoXMziyKIDdIhOkIcuUQXdoCqqI4oe0TN6RW/Ok/PivDsf09aMM5vZR3/gfP4ApLybGw==</latexit>

Noise terms

Effect of xt-T (characterize statistics and treat as noise)

Recall:

G = [D,CB,CAB, . . . , CATB]
<latexit sha1_base64="53guOnkxpnSTWbW6BvS3DJh7XJM="></latexit>
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>

yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

for all t 2 {T + 1, . . . , N̄}
<latexit sha1_base64="jPWVlDHwnCf+lJRaqm+ie6pAf3g=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUQRlLAbQS0DNlYSIS/IhjA7mU0GZ2eWmbtCWPIHNv6KjYUitrZ2/o2TR6GJp7mHc+7l3nuCWHADrvvtZJaWV1bXsuu5jc2t7Z387l7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDO6vx37zgWnDlazBMGadiPQlDzklYKVu/jhUGhMhcBF8Lv20duqdYV/0FBhbA6LT25E/KnbzBbfkTo AXiTcjBTRDtZv/8nuKJhGTQAUxpu25MXRSooFTwUY5PzEsJvSe9FnbUkkiZjrp5J8RPrJKD48vC5UEPFF/T6QkMmYYBbYzIjAw895Y/M9rJxBedVIu4wSYpNNFYSIwKDwOB/e4ZhTE0BJCNbe3YjogmlCwEeZsCN78y4ukUS555yX3rlyoXMziyKIDdIhOkIcuUQXdoCqqI4oe0TN6RW/Ok/PivDsf09aMM5vZR3/gfP4ApLybGw==</latexit>

Noise terms

Effect of xt-T (characterize statistics and treat as noise)

Use least squares to estimate G:

We can solve in closed form!How good is this esUmate?Ĝ = argmin
X

N̄X

t=T

||yt �Xūt||22
<latexit sha1_base64="V2/h+NqZu/siisp3elgCs0Ocbpc="></latexit>
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yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

Noise terms

Effect of xt-T (characterize statistics and treat as noise)

Use least squares to estimate G:

We can solve in closed form!How good is this estimate?Ĝ = argmin
X

N̄X

t=T

||yt �Xūt||22
<latexit sha1_base64="V2/h+NqZu/siisp3elgCs0Ocbpc="></latexit>

Concatenating further through !𝑁 to obtain matrix form:

Y = GU + FW + Z + E

<latexit sha1_base64="VtJBDTEoESqf+cmGriZvp9kKMG8=">AAAB/HicbVDJSgNBEK2JW4xbNEcvjUEQAmFGBONBCIgLeIlgFk2G0NPpSZr09AzdPUII8Ve8eFDEiwc/RHLxQ7zbWQ4afVDweK+KqnpexJnStv1pJebmFxaXksupldW19Y305lZFhbEktExCHsqahxXlTNCyZprTWiQpDjxOq173ZORX76hULBTXuhdRN8BtwXxGsDZSM525QcfovJxDZ1WUQ7cod4pQM5218/YY6C9xpiRbhK+34TBxWWqmPxqtkMQBFZpwrFTdsSPt9rHUjHA6SDViRSNMurhN64YKHFDl9sfHD9CuUVrID6UpodFY/TnRx4FSvcAznQHWHTXrjcT/vHqs/YLbZyKKNRVkssiPOdIhGiWBWkxSonnPEEwkM7ci0sESE23ySpkQnNmX/5LKft45yB9dmTQKMEEStmEH9sCBQyjCBZSgDAR68ABP8GzdW4/Wi/U6aU1Y05kM/IL1/g2PwZUy</latexit>

Ĝ = Y U⇤(UU⇤)�1 = G+ (FW + Z + E)U⇤(UU⇤)�1

<latexit sha1_base64="qC7lax4NAM68RmSOD40uNVnE2h4="></latexit>

||Ĝ�G||  (||F ||||WU⇤||+ ||ZU⇤||+ ||EU⇤||)||(UU⇤)�1||

<latexit sha1_base64="y9cNIzS9IdwhbFo2PnPjXLSMPGs="></latexit>

concentration inequalities for circulant 
matrices (Krahmer et al. 14)

martingale
argument



Sample complexity
Theorem:
Given input/output data (                    ), from a process of the form:

where A is stable and 

let                                                                  where
and take 

then with very high probability, we have  

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

*Recall the error of least squares:

kG� Ĝk  �z + �e + �wkFk
�u

r
N0

N
<latexit sha1_base64="0frVK9xpZ50tbPi3VOzTM/Uj3Ws="></latexit>

N � N0 = cTq log2(2Tq) log2(2Nq)
<latexit sha1_base64="O+IB2TEIh/cKrFXtYjrKfkMasWM=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKuylJFXUjFNy4KhV6gyaGyXSaDp3cZiZCCX0DN76KGxeKuHXrzrdx2kbQ1h8GPv5zDmfO70aMCmkYX9rS8srq2npuI7+5tb2zq+/tt0SYcEyaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV5P6u17wgUNg4YcRcT2kRfQPsVIKsvRT2rQ8kgMa44BryBuxBYLvbtKsdKISz9Yi0uOXjDKxlRwEcwMCiBT3dE/rV6IE58EEjMkRNc0ImmniEuKGRnnrUSQCOEh8khXYYB8Iux0es8YHiunB/shVy+QcOr+nkiRL8TId1Wnj+RAzNcm5n+1biL7l3ZKgyiRJMCzRf2EQRnCSTiwRznBko0UIMyp+ivEA8QRlirCvArBnD95EVqVsnlaNm7PCtXzLI4cOARHoAhMcAGq4AbUQRNg8ACewAt41R61Z+1Ne5+1LmnZzAH4I+3jG137maw=</latexit>

q = n+m+ p
<latexit sha1_base64="CmBJNZWy1+afduhb/55P0pP16fw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJRdK+pFKHjxWMF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VtPVGkWyXszjqkv8ECykBFsrPTwiK6RLIty3CuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVty781LtIosjD0dwDKfgwSXU4Bbq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w8/eo9Z</latexit>

N̄ = N + T
<latexit sha1_base64="uV46AC92qXVfiQU8WUDClnTHbmo=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEEoeyqqBeh4MVTqdAv2C4lm2bb0GyyJLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjsrq2vrG5uFreL2zu7efungsGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo/up335i2nAlGzBOWBCTgeQRpwSs5HdDorPa5K523uiVym7FnQEvEy8nZZSj3it9dfuKpjGTQAUxxvfcBIKMaOBUsEmxmxqWEDoiA+ZbKknMTJDNTp7gU6v0caS0LQl4pv6eyEhszDgObWdMYGgWvan4n+enEN0GGZdJCkzS+aIoFRgUnv6P+1wzCmJsCaGa21sxHRJNKNiUijYEb/HlZdK6qHiXFffxqly9zuMooGN0gs6Qh25QFT2gOmoiihR6Rq/ozQHnxXl3PuatK04+c4T+wPn8AZUgkL8=</latexit>

Ĝ�G = (FW + Z + E)U⇤(UU⇤)�1

<latexit sha1_base64="CtgTt8spA/0BX00dmtu/HdUN9Ys="></latexit>



Combining it all…
Given any δ, ε, we can find a “tight” "𝑁 such that if we 
have input/output data of length "𝑁, with probability (1-
δ), we can estimate the system matrices (of balanced 
realization) by accuracy at most ε.

Similarly, given input/output data of length "𝑁, and any 
δ, we can give a bound ε on the accuracy of the system 
matrix estimates that is valid with probability (1- δ).

Several applications/extensions: estimates of H-infinity 
norm error, system order, etc.

11/4/22 Necmiye Ozay, Michigan, EECS 33



Numerical examples
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

Separation K

Statistically easier to analyze (but less “efficient”) alternative: 
a variant of the i.i.d. trajectory view point in [Oymak 19]
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

SeparaJon K

_
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

Separation K

Practically better use of data 
with tight statistical bounds!

_



Plan
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Focus on a well-known system identification algorithms:
• Can we achieve similar sample complexity results for 

system identification algorithms where the data is 
highly correlated?

• Part 1: State-space models – Ho-Kalman Algorithm

• Part 2: Autoregressive models – Ordinary least squares

Joint work with Samet Oymak, UC Riverside
ACC’19, TAC’22

Joint work with Zhe Du, Zexiang Liu, Jack Weitze, Michigan
CDC’22



A different representation

• AutoRegressive eXogenous (ARX) models

• output       , input        , noise

at time t

• and        are model orders
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A different representation

• AutoRegressive eXogenous (ARX) models

• Over-parameterization: pick                                          and fit the data                       with

• Problem Step

• Data: a single trajectory                           where                                .

• Goal: estimate                   and                                     .
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Challenges
• Sta$s$cal dependency among 
• Over-parameterization enlarges the model 

capacity but also introduces model ambiguity!

• Then,

• Consider              
with                            .   

• Hence, when                              , we have 
infinitely many equivalent models!



vectorize

Earlier work
Recall …
• Over-parameterization:  pick orders     

and fit the data               
with 

• EsPmaPon error 

• Over-parameterization:  pick orders                                          and fit the data               
with 

over-parameterizationexact-parameterization

If estimation error → 0, then
• exact-param → true parameters
• over-param → 0.
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with 
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vectorize

Earlier work
Recall …
• Over-parameteriza0on:  pick orders     

and fit the data               
with 

• Estimation error 

• Over-parameterization:  pick orders                                          and fit the data               
with 

over-parameterizationexact-parameterization

A Teaser Example
• Consider learning the following ARX 

•
• Consider OLS with               . Plot gives the “shape” of       (only 

the       part)

Orders can be determined by 
thresholding

exact-param 
→ 

true param
over-param → 0

38
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Numerical results
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,   , then w.p. , the OLS estimator       satisfies
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More recent results (incomplete list)
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Type Rollouts Rates Burn-in time

Oymak & Ozay
(part 1)

MIMO SS stable Single O(N^-1/2) pT

Sun, Oymak, 
Fazel 2020

MIMO SS
(un)stable

Multiple O(N^-1/2) pn

Zheng & Li 2020 MIMO SS 
(un)stable

Multiple O(N^-1/2) mT+q

Fattahi 2021 MIMO SS stable Single O(N^-1/4) polylog(pT)

Du, Liu, Weitze, 
Ozay (part 2)

SISO ARX 
(un)stable

Single/Multiple O(N^-1/2) n^2

N: samples, n: system order, T: FIR order
m: # of inputs, p: # of outputs, q: #of inputs+outputs+states



Summary & Conclusions
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System identification:
• We can learn from dynamical data as efficiently as we can 

learn from static data
• Downstream tasks:
• Certainty equivalent control: 
regret guarantees (ACC’22)

• Extensions:
• Bilinear system identification (CDC’22)
• Markov jump linear system identification (ACC’22)

• Current directions:
• Nonlinear system identification via liftings

11/4/22


