
Robust inverse optimal control

Taouba Kaouther Jouini

Institute for Automation and Applied Informatics (IAI), Karlsruhe Institute of Technology (KIT)
Department of Automatic Control at LTH, Lund University



Motivation: Direct Optimal Control

Continuous-time infinite horizon

V (x0) := min
u∈Rm

max
w∈Rn

∫
∞

0
q(x(s)) + u>(s)R u(s)−ξ w>(s)S w(s)ds

subject to ẋ = f (x) + G>1 (x)u + G>2 (x)w ,

x(0) = x0

I f : Rn 7→ Rn is continuous, locally Lipschitz and f (0) = 0
I Gk (x) = [g>1 (x), . . . ,g>m (x)]> with k = 1,2 and

gi : Rn 7→ Rn, i = 1 . . .m is continuous
I R = R>, S = S> > 0,ξ > 0 robustness to unmodelled dynamics
I q : Rn 7→ R+ is continuous and q(0) = 0

Find the optimal value V (x0) associated with an optimal
controller u∗(x) := argminu∈Rm V (x0)



Motivation: Direct optimal control



Inverse optimal control: Problem setup

Ingredients for the optimal control problem:

I Input-affine nonlinear system dynamics - unknown disturbances

ẋ = f (x) + G>1 (x)u + G>2 (x)w

I Unknown performance criteria - unknown positive definite q(x),

min
u∈Rm

max
w∈Rn

∫
∞

0
q(x(s)) + u>(s)R u(s)−ξ w>(s)S w(s)ds

1. How to exploit cost design for (robust) optimal control
to circumvent numerically solving PDEs?

2. How to derive optimal feedback control laws in
networks that inherit topological structure?



Inverse optimal control: Problem setup

Given is the feedback stabilizing controller

u∗(x) =−1
2

R−1G1(x)∇xV (1)

with a control Lyapunov function V : Rn 7→ R+ and V (x) > 0,V (0) = 0,

∇
>
x V
(
f (x) + G>1 (x)u∗(x) + G>2 w∗(x)

)
<−u∗>(x)R u∗(x) + ξ w∗>(x)Sw∗(x)

with w∗(x) =− 1
2ξ S−1G2(x)∇xV and consider

min
u∈Rm

max
w∈Rn

∫
∞

0
q(x(s)) + u>(s)R u(s)−ξ w>(s)S w(s)ds (2)

subject to ẋ = f (x) + G>1 (x)u + G>2 (x)w ,

x(0) = x0

Determine the function q(x) so that (2) has the optimal
value V (x0) and the control solution u∗ in (1)



Robust inverse optimal control: Main result

Consider the robust optimal control problem (2) together with the
control Lyapunov function V associated with the controller u∗ in (1) and
the worst-case disturbance w∗(x) =− 1

2ξ S−1G2(x)∇xV. Assume that

∇
>
x V
(

f (x) + G>1 (x)u∗(x) + G>2 (x)w∗(x)
)
<−u∗>(x)R u∗(x)

+ ξ w∗>(x)S w∗(x),

and

q(x) =−∇
>
x V
(

f (x) + G>1 (x)u∗(x) + G>2 (x)w∗(x)
)
−u∗>(x)R u∗(x)

+ ξ w∗>(x)S w∗(x).

Then, the robust optimal control problem (2) has the optimal value
V (x0) and the optimal control u∗.



Proof idea



Direct vs. inverse optimal control

Direct optimal control

1. No explicit analytical solution in general

2. HJB or HJI (ctn.)/ Bellman (disc.) eq. hard to solve

3. Challenging cost design

Inverse optimal control

1. No numerical effort involved

2. Classical stabilizing control/ CLF methods

3. Intuitive control tuning



Discussion

I Associating a criterion (i.e., via the cost to minimize) to a
stabilizing controller (among possibly many) is useful

I Robustness guarantees: gain margin of [1/2,∞) for a diagonal
input matrix R = R> > 0, analog to LQR

I Tuning aspect: solve a family of optimization problems with the
same value function V
I The matrices S and R can be tuned for R′ ≤ R and S′ ≥ S
I If ∇>x V

(
f (x) + G>2 (x)w∗(x)

)
< 0, the origin is asymptotically stable

under the action of the worst case disturbance w∗ and R,S can
be tuned arbitrarily

⇒ Minimize control effort and improve error decay rate



Example 1: Linear systems

Consider the linear system

ẋ = Ax + B u + B w , x(0) = x0

where B ∈ Rn×nw is disturbance input matrix and w ∈ Rnw is unknown
additive disturbance. The stabilizing controller is given by,

u∗(x) =−1
2

R−1B>P x .

with V (x) = 1
2 x>Px , P = P> > 0. We define the cost function,

L(x ,u,w) = x>
M>M︷ ︸︸ ︷

Q(R,S)x + u>Ru−ξ w>Sw , ξ > 0.

For (A,B) controllable and (A,M) observable, let P,R,S > 0 satisfy
1
4

PBR−1B>P− 1
4ξ

PBS−1B
>

P− 1
2

(P A + A>P) > 0

then, Q(R,S) = 1
4 PBR−1B>P− 1

4ξ PBS−1B
>

P− 1
2 (P A + A>P)



Example 2: Inverter-based power generation

I Optimization for stability and
control in power systems

I A paradigm shift in power
generation

I Transition on the device- and
system-level

I From synchronous machines
to inverters

⇒ Rethink of desired grid
operation



Example 2: Control of inverter networks

How to leverage IOC theory and
available power measurements to design
optimal (locally) stabilizing and
implementable (a.k.a feasible)
controllers?



Example 2: Angular droop control

I A network of n− inverters with m inductive lines

I Constant voltage magnitude and quasi steady state

I Given nominal phase angles θ ∗(t) = ω0 t + θ ∗0
I Let θ s = {θ s

i }n
k=1 satisfying γ(θ s−θ ∗) + Pe(θ s)−P∗e = 0

I Controllable phase angle dynamics described by an integrator

minimize
u ∈ Rn

∫
∞

0

(
n∑

i=1

qi (θ ) + αiu
2
i (θ )

)
dτ

subject to θ̇ = u(θ ) + ω0,

θ (0) = θ0 .

qi (θ ) is positive definite w.r.t. θ s and unknown.



Example 2: Angular droop control

I Security constraint (?) : B>θ s ∈ (−π
2 ,

π
2 )m, where B is the

graph incidence matrix
I Under security constraint (?), the controller

u∗i (θ ) =− 1
2αi

(
γi (θi −θ ∗i ) + Pe,i (θ )−P∗e,i

)
, i = 1, . . . ,n

is locally stabilizing for the angle dynamics with u∗i (θ s) = 0 and

V (θ ) =
1
2
|(θ −θ s|2Z +

n∑
i=1

∑
j∈Ni

bij (cos(θij )− cos(θ s
ij ))− (θ 0

ij −θ s
ij )sin(θ s

ij )

I The controller u∗i is locally optimal w.r.t.∫
∞

0

( n∑
k=1

[
αiu

2
i (θ ) +

1
4αi

(γi (θi −θ ∗i ) + Pe,i (θ )−P∗e,i )︸ ︷︷ ︸
qi (θ )

])
dτ



Example 2: Feasible implementation
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<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

<latexit sha1_base64="/6uWplHeUKZQZ77eghHE6gEmujQ=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSKISNmVoh6LXjxWsB/YriWbzbahSXZJskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+U8epIrRBYh6rdoA15UzShmGG03aiKBYBp61geDPxW09UaRbLezNKqC9wX7KIEWys9MAeT3tZSM6G416p7FbcKdAi8XJShhz1XumrG8YkFVQawrHWHc9NjJ9hZRjhdFzsppommAxxn3YslVhQ7WfTi8fo2CohimJlSxo0VX9PZFhoPRKB7RTYDPS8NxH/8zqpia78jMkkNVSS2aIo5cjEaPI+CpmixPCRJZgoZm9FZIAVJsaGVLQhePMvL5LmecW7qFTvquXadR5HAQ7hCE7Ag0uowS3UoQEEJDzDK7w52nlx3p2PWeuSk88cwB84nz8XeJCN</latexit>

i⇤dc,k

<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="u+yMXq1YK3rrzPvHuWp1F8hEG3Y=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY9OKxgv2ANoTNdtMu3WzC7qYQQvwrXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8zKpVtfxuljc2t7Z3ybmVv/+DwyDw+6cooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn97N/d6MCEkj/qjSmLghGnMaUIyUljyzOgwEwpmTZ4185mUjfDnNPbNm1+0FrHXiFKQGBdqe+TUcRTgJCVeYISkHjh0rN0NCUcxIXhkmksQIT9GYDDTlKCTSzRbH59a5VkZWEAldXFkL9fdEhkIp09DXnSFSE7nqzcX/vEGighs3ozxOFOF4uShImKUia56ENaKCYMVSTRAWVN9q4QnSaSidV0WH4Ky+vE66jbpzVW8+NGut2yKOMpzCGVyAA9fQgntoQwcwpPAMr/BmPBkvxrvxsWwtGcVMFf7A+PwB14yU6A==</latexit>

1

2
vdc,k

<latexit sha1_base64="u+yMXq1YK3rrzPvHuWp1F8hEG3Y=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBg5SkFPVY9OKxgv2ANoTNdtMu3WzC7qYQQvwrXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8zKpVtfxuljc2t7Z3ybmVv/+DwyDw+6cooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn97N/d6MCEkj/qjSmLghGnMaUIyUljyzOgwEwpmTZ4185mUjfDnNPbNm1+0FrHXiFKQGBdqe+TUcRTgJCVeYISkHjh0rN0NCUcxIXhkmksQIT9GYDDTlKCTSzRbH59a5VkZWEAldXFkL9fdEhkIp09DXnSFSE7nqzcX/vEGighs3ozxOFOF4uShImKUia56ENaKCYMVSTRAWVN9q4QnSaSidV0WH4Ky+vE66jbpzVW8+NGut2yKOMpzCGVyAA9fQgntoQwcwpPAMr/BmPBkvxrvxsWwtGcVMFf7A+PwB14yU6A==</latexit>

1

2
vdc,k

<latexit sha1_base64="PuEQf2gIh7Dny7yK8ReAIZCJskw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvctypV4pVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A57jjNQ=</latexit>

G

<latexit sha1_base64="0ZbujDcUqP42jnn/g8Zc0eRSkgw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPvjfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBPrI3U</latexit>

ik

<latexit sha1_base64="ujH/sypijX6iEIYA6TvhqnB//ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47g36pUrbtWdg6wSLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUrOrNInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdjeo3h</latexit>vk

<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>�

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="wn9qQrBGT142m7j2QCR1+tlYafY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxgnlAEsPsZDYZMo91ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrjDkz1ve/vdzK6tr6Rn6zsLW9s7tX3D9oGJVoQutEcaVbITaUM0nrlllOW7GmWIScNsPRzdRvPlFtmJL3dhzTrsADySJGsHVSq6MEHeCHs16x5Jf9GdAyCTJSggy1XvGr01ckEVRawrEx7cCPbTfF2jLC6aTQSQyNMRnhAW07KrGgppvO7p2gE6f0UaS0K2nRTP09kWJhzFiErlNgOzSL3lT8z2snNrrqpkzGiaWSzBdFCUdWoenzqM80JZaPHcFEM3crIkOsMbEuooILIVh8eZk0zsvBRblyVylVr7M48nAEx3AKAVxCFW6hBnUgwOEZXuHNe/RevHfvY96a87KZQ/gD7/MHsFSPwA==</latexit>

!⇤
<latexit sha1_base64="OAESkhtwH2pdPKmlZLASVZlcc/o=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8SNmVoh6LXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPaa9jIT0fDTplcpexZsBLxM/J2XIUe+Vvrr9mKaSKUsFMabje4kNMqItp4JNit3UsITQERmwjqOKSGaCbHbwBJ86pY+jWLtSFs/U3xMZkcaMZeg6JbFDs+hNxf+8Tmqj6yDjKkktU3S+KEoFtjGefo/7XDNqxdgRQjV3t2I6JJpQ6zIquhD8xZeXSfOi4l9WqvfVcu0mj6MAx3ACZ+DDFdTgDurQAAoSnuEV3pBGL+gdfcxbV1A+cwR/gD5/AMUZkGY=</latexit>uabc,k

<latexit sha1_base64="LGbd63dUytVhSqdO/4wjHMYsvEs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Q/7pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFh9I3g</latexit>uk

<latexit sha1_base64="uY7Ops8YkZoiolQvY+tyD1OeID0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCG0tSirosunFZwT6gCWEynbRDJ5MwMxFqCP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHCqFS2/W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHwz9bsPREga83s1SYgXoSGnIcVIack3j9xQIJw5eXZedxFLRsgf575ZtWv2DNYycQpShQIt3/xyBzFOI8IVZkjKvmMnysuQUBQzklfcVJIE4TEakr6mHEVEetns+tw61crACmOhiytrpv6eyFAk5SQKdGeE1EguelPxP6+fqvDKyyhPUkU4ni8KU2ap2JpGYQ2oIFixiSYIC6pvtfAI6TiUDqyiQ3AWX14mnXrNuag17hrV5nURRxmO4QTOwIFLaMIttKANGB7hGV7hzXgyXox342PeWjKKmUP4A+PzB0bElSA=</latexit>
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grid-forming and fully decentralized controller



Example 2: Properties of the A-droop control
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I Zero frequency error

I Angle-to-power droop

I Intuitive control tuning
(LQR)

I Scalability to large
networks



Example 3: Angle control

min
u

max
w

∫
∞

0
q(δ (s),ω(s)) + |u(s)|2R −ξ |w(s)|2S ds

s.t. δ̇ = B>ω + u,

Mω̇ =−D ω−B L
(
sin(δ )− sin(δ ∗)

)
+ w , (4)

(δ (0),ω(0)) = (δ0,ω0),

I B is the graph incidence matrix

I δ = B>θ ∈ Rm neighboring angle difference vector

I M,D,L > 0 (inertia, damping and line susceptance) diagonal
matrices

I w ∈ Rn power disturbance



Example 3: Angle control

For δ s ∈
(
−π

2 ,
π
2

)
∩ Im(B>)

0 = B L
(
sin(δ s)− sin(δ ∗)

)
(5)

and D− 1
4ξ S−1 > 0, the controller

u∗(δ ) =−1
2

R−1 L (sin(δ )− sin(δ s))

is locally (in a neighborhood of δ s) optimal w.r.t. (4)

q(δ ,ω) =
1
4
|sin(δ )− sin(δ s)|2L R−1 L + |ω|2D− 1

4ξ S−1 ,

with the value function

V (δ ,ω) =
1
2
|ω−ωs|2M −1>n L (cos(δ )− cos(δ s))

− (δ −δ s)> L sin(δ s). (6)



Example 3: Angle control
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Takeaways

stabilizing controller
+ CLF

cost design from HJB

optimal controller
w.r.t. opt. problemopt. problem1

2

3 1

2

3

HJB Equations

optimal controller

1. Robust inverse optimality for stabilizing feedback
controllers

2. Feasible control implementation in (power) networks


