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Outline
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Dynamical systems on networks

Turing theory of pattern formation

Turing theory on networks

Topological signals

Higher-order structures



www.unamur.be

Patterns in nature
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Networks
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if there is a link

between nodes

i and j

                 symmetric (undirected)
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Networks
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if there is a directed link

from node j

to node i

                 asymmetric (directed)
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Coupled nonlinear systems
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Coupled nonlinear systems
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dynamics of x
i
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Coupled nonlinear systems
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pairwise coupling

dynamics of x
i
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Master Stability Function (MSF)

Rössler
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Intermezzo: Turing theory
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+ boundary conditions

     + domain of the Laplacian

+ ….                            
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Turing theory in a nutshell
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reaction-diffusion system of two species
(activator u and inhibitor  v)

homogeneous stable state (fixed point)

inhomogeneous perturbations

exponential instability (diffusion-driven)

patternsunstable modes
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Extension on networks
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Turing-like instability
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the homogeneous stable 
state is a limit cycle 
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Coupled nonlinear systems (!)
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pairwise coupling

in general diffusive like

dynamics of x
i

chaotic, oscillating,

Fixed point, etc...
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Extensions of Turing theory
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Higher-order Structures
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Battiston et al., Nat. Phys., 2021
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Higher-order nonlinear systems
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Higher-order nonlinear systems
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pairwise coupling

dynamics of x
i

higher-order

(3-body) coupling

hypergraph
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Patterns in higher-order systems
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Natural coupling
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same diffusion coefficients 

for every order
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Regular topologies
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Regular topologies
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General couplings
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Higher-order nonlinear systems
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pairwise coupling

dynamics of x
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hypergraph
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Higher-order nonlinear systems
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pairwise coupling

dynamics of x
i

higher-order

(3-body) coupling

simplicial complex

(still many-body)
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Topological Signals
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Boundary Operators
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Boundary Operators
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Hodge Laplacians
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Topological reaction-diffusion
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Topological reaction-diffusion
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Higher-order patterns
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Higher-order patterns
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Take Home Message

We extended the formalism of high-order interactions

to reaction-diffusion systems yielding Turing patterns

The effects of the many-body dynamics may 

enhance or hamper the formation of patterns

Through the tools of algebraic topology

the theory can be further extended

to topological signals

Thank you for your attention
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BONUS SLIDES

Effects of non-normality on Turing patterns and 
synchronization
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Directed Networks

B1
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Non-normal Networks

A network is non-normal 

when A*A≠AA*

B2
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Effects on the dynamics
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Linear dynamics
ω largest eigenvalue of the 

hermitian (simmetric) part
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Effects on the dynamics
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Linear dynamics

Non-linear dynamics
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Patterns of Non-normality
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Synchronization and non-normality
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De-synchronization
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BONUS SLIDES

Effects of directed higher-order interactions
on synchronization
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What about directionality?

B1riccardo.muolo@unamur.be

certain interactions are naturally
high-order and asymmetric,
e.g., peer pressure, 
chemical reactions, etc

directed hypergraphs exist but 
are used to study information flow 
and not dynamics on them
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+ tensor formalism
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1-directed hypergraphs
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M-directed hypergraphs
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Global coupling matrix
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Rössler with 

cubic x-x coupling
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Effects of topology
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asym sym

eigenvalues of
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Effects of topology
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asym sym
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1-directed hypergraphs
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each component of the  tensor is symmetric

when p=1 the tensor is symmetric
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Alternative symmetrization
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the total coupling strength is conserved
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Alternative symmetrization
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