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Dynamical systems on networks

Turing theory of pattern formation

Turing theory on networks
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| Intermezzo: Turing theory

The Chemical Basis of Morphogenesis

A. M. Turing

Philosophical Transactions of the Royal Society of London. Series B, Biological Sciences, Vol.
237, No. 641. (Aug. 14, 1952), pp. 37-72.

(&9
<-acﬁvator 2___, 5
. - ¢
Hfusion T2, t) = f(u,v) + DyV2u(z, 1)
(_) (+) 8t
\
diffusion D ] = D, V?v(z,t
inhibitor [~ """~ - L Bt (z,t) = g(u,v) + D, V*u(z, t)
) + boundary conditions
+ domain of the Laplacian
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Turing theory in a nutshell

/'.———\' reaction-diffusion system of two species
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Extension on networks

J. theor. Biol. (1971) 32, 507-537
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Turing patterns in network-organized H4 5 ORI A0 £ B SCHVING
. . e Department of Chemical Engineering and Materials Science
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Turing-like instability

PHYSICAL REVIEW E 92, 022818 (2015)

Turing-like instabilities from a limit cycle

Joseph D. Challenger,"? Raffaella Burioni,’ and Duccio Fanelli®
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Coupled nonlinear systems (!)
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Extensions of Turing theory
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Higher-order Structures

a Network b Hypergraph c Simplicial complex

Battiston et al., Nat. Phys., 2021
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Higher-order Structures

adjacency matrix adjacency tensors

a Hypergraph Simplicial complex

Battiston et al., Nat. Phys., 2021
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Higher-order Structures

adjacency matrix adjacency tensors

a Network Hypergraph Simplicial complex
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Patterns in higher-order systems

= filui, v) + o\ D Z ALK ) = 1D )

=1
+D® % % AD 5O, ) — h )
J1=1 ja=1 12
= foui, vi) + oy DY Z A ) = B )
=
N N
2 2 2
+02 Dy P AD (), v) = by (i)

Naxys



| Natural coupling ‘
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Natural coupling

Dispersion law
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| Regular topologies \
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General couplings
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General couplings
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Boundary Operators J
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Topological reaction-diffusion




Topological reaction-diffusion
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Higher-order patterns
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Higher-order patterns
T [ S
PHYSICAL REVIEW E 106, 064314 (2022)

Diffusion-driven instability of topological signals coupled by the Dirac operator

Lorenzo Giambagli ®,">" Lucille Calmon,*:" Riccardo Muolo®,>* " Timoteo Carletti ®,> and Ginestra Bianconi ®*>-*
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¢ Take Home Message

Q\) We extended the formalism of high-order interactions
to reaction-diffusion systems yielding Turing patterns

The effects of the many-body dynamics may
enhance or hamper the formation of patterns

Through the tools of algebraic topology
the theory can be further extended
to topological signals
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Directed Networks
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Non-normal Networks

A network is non-normal
when A'AzAA’

RESEARCH ARTICLE NETWORK SCIENCE
Structure and dynamical behavior of non-normal networks
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+ See all authors and affiliations
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DOI: 10.1126/sciadv.aau9403 e
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Effects on the dynamics
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Effects on the dynamics
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Patterns of Non-normality
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Synchronization and non-normality
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De-synchronization
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What about directionality?

certain interactions are naturally

high-order and asymmetric, directed hypergraphs exist but
e.g., peer pressure, are used to study information flow
chemical reactions, etc and not dynamics on them
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What about directionality?

certain interactions are naturally

high-order and asymmetric directed hypergraphs exist but
e.g., peer pressure, are used to study information flow
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NOVELTY : elementary decomposition of undirected hyperedges
+ tensor formalism
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What about directionality?

certain interactions are naturally

high-order and asymmetric directed hypergraphs exist but
e.g., peer pressure, are used to study information flow
chemical reactions, etc and not dynamics on them
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Global coupling matrix
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Effects of topology
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Effects of topology
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Alternative symmetrization

l J i?j i?j
+
'k k + k
the total coupling strength is conserved
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Alternative symmetrization
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