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Intro: Radar model

Radar at origin, spinning in the xy-plane gets a hit on some point
x. Where can x be?

Range measurement gives sphere with radius r
Azimuth heading gives a beam with outgoing angle �
Intersection of sphere and beam gives a circle arc
Relax model by allowing full plane =) full circle
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Radar model equations

Sphere with radius r:
kxk2 � r2 � 0 (1)

Plane with outgoing angle �, normal n(�) =
�
sin � � cos � 0

�T :

nT x � 0 (2)

Together they give the circle:
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Problem formulation

Given
N known 3D points xi with corresponding radii ri and azimuth �i

Unknown
Radar center c and rotation R

Goal
Estimate c;R to align the circles with their corresponding points
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Di�erent view

A point x is transformed into the coordinate system of a radar
with center c and rotation R:

Translation: x � c
Rotation: R(x � c)

For a radar R; c, the equations become
(

kxk 2 � r 2 � 0

n T x � 0
!

(
kx � ck 2 � r 2 � 0

n T R(x � c) � 0

(3)

Turn it into a loss function with weights ! i ; 
 i :

L(R; c) =
NX

i=1

! i (kc � x i k
2
2 � r 2

i| {z }
Distance error

)2 + 
 i (n T
i R(x i � c)

| {z }
Azimuth error

)2 (4)
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Optimization problem

Loss reminder:

L(R; c) =
NX

i=1

! i (kc � x i k
2
2 � r 2

i| {z }
Distance error

)2 + 
 i (n T
i R(x i � c)

| {z }
Azimuth error

)2 (5)

min
R2SO(3)

L(R; c) (6)

This problem is too di�cult... we will �rst solve for c, then for R

Known 3D points
��

Unknown Radar Pose

R; c

Estimated position Estimated orientation
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Solving for translation

De�ne the loss using only c:

L c(c) =
NX

i=1

! i (kc � x i k
2
2 � r 2

i )2 (7)

Approximation of optimal trilateration, solved by Martin Larsson
et al.
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Rotation optimization problem

De�ne the loss using only R (note c is now �xed):

L R (R) =
NX

i=1


 i ( n T
i R

| {z }
Some 0s

(x i � c)) 2 (8)

Loss is independent of R's bottom row:

n T
i R =

0

@
sin � i

� cos � i

0

1

A

T 0

@
R T

1
R T

2
R T

3

1

A =
�

sin � i

� cos � i

�

| {z }
n̂ i

T �
R T

1
R T

2

�

| {z }
R̂

(9)

Quadratic in R̂, rewrite it as a quadratic form:

L R (R) =
1
2

r T Mr; with r = vec( R̂) (10)

Only constraint is R̂ R̂
T

= I 2�2 . Determinant is irrelevant since
bottom row can be constructed afterwards.
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Solving for rotation

Optimization problem:

min
R̂ R̂

T
=I 2�2

1
2

r T Mr (11)

This is a special case of a problem solved by Gaku Nakano
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