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Why Batch Size Matters

The Setting

Large-scale LLM training is constrained by a token budget  rathé&r than optimization steps
With batch size I3nd sequence length  th& connection is K =T/(BS)

What We Know

- Increasing batch size :Hnproves hardware utilization [ ] and reduces variance per
step
- Beyond critical threshold: benefits saturate, performance degrades, hurts generalization

Key Question: How should (B, S) and stepsize be chosen under fixed T?




Background and Related Work

Works on Batch Size

= Critical batch size derivations are based on auxiliary function (variance of the stochastic

gradient) [ ]

= Critical batch sizes scale primarily with the effective data size and only weakly with model size
under a fixed token budget [ ]

= Increase batch size stage-wise [ ]

= Batchssize scheduling: instead of decaying LR increase batch size [ ]

Hyperparameter Transfer

= uPframework: appropriate parameterization and initialization keeps gradient magnitudes (1)
across model widths | ]

=  CompleteP | ] extends uP framework across changes in model depth

= Derivations require a fixed noise level (batch size)



Stochastic Conditional Gradient Methods

Algorithm 1 Stochastic Conditional Gradient (SCG) = Explicitly controls the weights through

Input: xo,mo € X, parameters o, 3 € (0,1),7 >0 Frank-Wolfe step

for k=0,...,K—1do = Covers modern spectral optimizers
sample § ~ D such as Muon and Scion [Jordan et al.,
compute myt1 = (1 — a)my + ag(zi; &) 2024, Pethick et al., 2025]

compute diq1 = arg minge y (mg11,d) s.t. ||d||< 1
compute 7.4 = (1 — Bz + And o1
end for




Problem Formulation

1

. Euclidean norm: ||z||2 Arbitrary norm: |z|
min f(x) _ el
reX Associated dual norm: ||z := o (x,2)

L-Smoothness: HVf(iB) - vf(y)H < LH:L’ - y”
Norm Equivalence: ||| < pl|x]|2

pu-Kurdyka-Lojasiewicz: HVf(LE)H* > M(f(fE) - f*) { ]’]
Bounded Variance: Eg [g(ﬂ?, 5)] :2 sz\@m) Eg[”g(a?; 5) . Vf(SC)H%] < 02

BS

) 2
where the variance scalesas 0~ =



Empirical Verification of Assumptions
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Empirical verification of Assumptions (A3) and (A4) during the training of 124M NanoGPT model on FineWeb
[ ] with Scion optimizer under the experimental setup of | ] with batch
size 512, sequence length 1024, Frank-Wolfe stepsize 3.6e-4, under token budget 2.7B.

(Left): the measurements (dual gradient norm vs train loss) fit a linear function when the loss is below 5 with
a slope

(Central and Riéﬁ]t): measurements (empirical variance vs batch size/sequence length a power low well. For

the central figure: NS O.Qf%gﬁgtri%hbfﬁgure: X~ 1.1, Senite &~ 35



Main Result: Convergence Guarantees

Main Convergence Theorem

Let Assumptions (A1)-(A4) hold. Let  mg = g(xdefthe parameters of SCG and initialization Zo

are chosen such that

p-owr),  1=00/m.  a=unfro(EN o <o,

L po L(po)* (po)’
pre’ pe’ pted 7 (pe)?
Then, the output of SCG satisfies  E[f(zx) — f*] <¢

K = max {6(1), O (

In practice, the training is conducted under a fixed token budget , so Wk translate the requirementon
to K

LBS PG'O\/B_S L(pay)* (po)? )}

T = maX{O(BS),O ( e’ pe | pted  (ueVBS



BST Error and Scaling Rule

Under a fixed token budget , the lowest achievable optimization error is

LB L 2 2\ 1/3
£ = max B ( pao) y ( pao
v

uQT ’ ﬂ4T T2BS)1/3
This rule suggests the existence of the largest useful batch size:
* Below the threshold noise dominates

* Above the threshold the training is iteration-starved
*  Critical batch [ ] is where regimes switch

BST Scaling Rules

By balancing the first (optimization error) and second (noise error) terms, we derive BST scaling rule

1
BS o« T?%/3, B 7 a = Const



Comparison Against Prior Works

* BSTscaling rule is derived directly from optimization bounds on the loss, not auxiliary quantity (e.g.,

gradient noise variance linein [ 1)

*  UPframework [ ] does not determine the batch size: it transfers hyperparameters
given a training regime, but in practice you need to know the critical batch size of the larger model to
transfer.

* BST scaling rule is not a curve fit, that can be architecture dependent | ]

BST Scaling Rules

By balancing the first (optimization error) and second (noise error) terms, we derive BST scaling rule

1
BS o« T?%/3, B 7 a = Const



HP Transfer Strategies

* Assume that we have tuned batch size ,% uence length Fraﬂi}—WoIfe stepsize ,and ﬁa

momentum (parameters for a small model of size . D

* Foralarger model of size Brp balance the deterministic (first) and stochastic (second) terms, and
use batch size sequenceBmgth , Frank-Wolfe Sgpsize ,and momentumBl (8}
such that

V11 po po L

BST Scaling Rules

By balancing the first (optimization error) and second (noise error) terms, we derive BST scaling rule

B{S; =
e To o po L1

2/3
BSS* (Tl M1 P1 LD>2/37 B *(VTOMIPI Lo) /

1
BS o« T?%/3, B 7 a = Const



Estimating Problem-Dependent Constants

The BST scaling rule requires estimations of problem-dependent constants L, p

lg(xr: &k) — 9(@r—1;&—1) ]|+
||5Uk - fb‘k—1||

* To estimate the smoothness constant, we measure

e Toestimate EKL constant, we fit a linear function into pairs of lg(xr; Ex)llws f(r; k)

lg(zx; &k) — 9(r; Zk)||«
lg(2k; &k) — g(@k; Zp) |2

e Toestimate the norm equivalence constant , we track the ratio

Then, we fit power laws when changing the number of layers , emPedding size , and B&tch size B

ulp,w) =52(p+1.7)7%2  L(p,w) = 0.4(p + 0.7)°%(w + 126)%-3°
p(p,w, B) = 4.1(p — 2.7)% (w — 250.8)°*(B — 9.4)°"!



Experiments
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Figure 5: The final performance of the 124M model when varying the Frank—Wolfe stepsize 5 under
different token budgets (left: 2.7B, center: 5.3B, right: 8.0B). We average the train loss over
3 random seeds and report the moving average in the window of size 500. We observe that the
BST scaling rule predicts a good estimate for the optimal 8 when increasing the token budget.

Moreover, the difference in performance between BST and uP baselines grows with a token budget.
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Figure 6: The final performance of the 124M model when varying the momentum « under different
token budgets (left: 1.3B, center left: 2.7B, center right: 5.3B, right: 8.0B). We average the
train loss over 3 random seeds and report the moving average in the window of size 500. We observe

that rule momentum parameter o transfers under BST scaling.



Experiments
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Figure 7: The final performance of the 1B model when varying the Frank—Wolfe stepsize 8 (left)
and momentum parameter (right) under different token budget 10.6 TPP. We report the final train
loss, smoothed in the window of size 500. We observe that the BST scaling rule predicts a good
estimate for both optimal a and 8 when transferring from a smaller 124M model to a larger 1B

model.



Experiments
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Figure 3: Comparison of batch size and sequence length scheduling strategies when training a 1B

model. The restarting schemes (in

and

) are compared against fixed schedules. The

validation loss is evaluated with a smaller sequence length of 1024. The values of batch sizes
By,12, sequence lengths Sp 1, and Frank-Wolfe stepsizes (p,1 are given in the legends. The nota-
tion (Bo,1,2,50,1,2,50,1) characterizes which batch size, sequence length, and Frank—Wolfe stepsize
are used for the particular setup. The notation (By, So,50) — (Bi,2,S1,2,01) characterizes how
parameters of Scion change after restart (e.g., batch size increases from By to Bj ), respectively.
The notation uP or BST indicates the rule used to select B, S, and 8.
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Figure 4: Comparison of fixed large batch size strategies when training a 1B model. The validation
loss is evaluated with a smaller sequence length 1024. Scion with a batch size of 1024 suggested by
our BST scaling rule achieves the best performance compared to other baselines with batch sizes
2048 and 4096. The values of batch sizes Bj 23, sequence lengths .S, and Frank-Wolfe stepsizes
Bo,1 are given in the legends. The notation (B 2,3, S, fo,1) characterizes which batch size, sequence
length, and Frank—Wolfe stepsize are used for the particular setup, respectively. The notation BST
indicates the rule used to select the B, S, and .



Conclusion

Batch size should be treated as a dynamic optimization variable, not a fixed hyperparameter.
Optimal batch size depends on the token budget.

The BST scaling rule balances noise reduction versus iteration count.

Large batch sizes do not inherently hurt performance. When paired with proper stepsize scaling,
large-batch training is efficient.

There is a trade-off between batch size and sequence length. Increasing sequence length improves
model capability, but naive context extension can reduce training efficiency. Therefore, capability
(through sequence length) and efficiency (through batch size) must be co-designed, not tuned
independently.




Thank You

Questions?



Definition of the Norms

In our work, individual and product norms follow the setup of | ]

p
Wl = max [Wellgys Wik = > 1Wells.0)

1<é<p T

For the embedding and head layers, we use

W[ (o) = max W]
2V,
For the rest of the layers, we use

din
Wil =

dout

Wells., W & Rourdin



Appendix: Dynamics of Empirical Variance
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Estimations of Problem Constants

Table B.2: Estimated L constant for various model configurations.

n_embd\n_layer| 3 6 9 12 15 18 21 24 27 30

384 -~ 53 62 65 62 18 76 - 27 7.84
576 -~ 64 77 70 74 - 75 85 79 82
768 61 65 69 76 83 18 99 85 87 10.0
1152 -~~~ 88 94 108 95 - — -
1536 3 79 92 12 99 - - - - -
2304 - 99 - - - - - - -

Table B.3: Estimated p constant for various model configurations.

n_embd \ n_layer ‘ 3 6 9 12 15 18 21 24 27 30

384 ~ 355 413 482 487 - 507 - - 580
576 ~ 421 538 6L.1 629 - 642 646 662 68.6
768 312 526 641 67.1 724 — 802 87.0 86.3 89.2
1152 - - - 766 811 873 — - - -
1536 - 675 TT4 - - - - - - -
2304 - - - - - - - - - -




Estimations of Problem Constants

Table B.4: Estimated p constant for a configuration with 6 layers and 768 embedding dimension
when varying the batch size.

batch_size | 256 512 1024 2048 4096
P | 489 526 550 564 57.9

Table B.5: Estimated Kurdyka—t.ojasiewicz constant p for various model configurations.

n_embd\n_layer| 3 6 9 12 15 18 21 24 27 30

384 - 34 31 31 30 - 29 - - 27
576 - 33 32 30 29 - 27 26 25 24
768 3.7 32 30 29 28 - 26 25 23 24
1152 - - - 27 27 28 26 - 25 -
1536 - 32 29 - 29 30 - - - -
2304 - 36 - - - - - - - -




Estimations of Problem Constants
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Figure C.1: Comparison of two strategies: BST scaling rule, where BS ~ T?/3 (fixed 1024 batch
size with 81 = 1.8 -107% in and restarted version in ) and square-root rule (16),
where BS ~ T1/2 (fixed 736 batch size with B = 1.27 - 104 in orange and restarted version in
pink). The validation and train sequence lengths are fixed to 1024. ( large batch size strategies
when training a 1B model. Scion with a batch size of 1024 (fixed from the beginning or after a
restart) achieves slightly better performance compared to the baselines, where the batch size is
set according to the square-root rule (16). The notation (Bj 2, S, fo,1) characterizes which batch
size, sequence length, and Frank—Wolfe stepsize are used for the particular setup, respectively. The
notation (By,S,By) — (Bi2,S;b1,2) characterizes how parameters of Scion change after restart
(e.g., batch size increases from By to By 2), respectively.
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