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Template Optimization Problem

Training neural networks amounts to solving stochastic optimization problems of the form

min
x∈X

f (x) := Eξ[f (x , ξ)].

We will assume:

X is either Rd (unconstrained) or D (constrained), with

D := {x : ∥x∥ ≤ ρ}.

Eξ[f (·, ξ)] is Lipschitz-smooth with respect to some norm.
We have access to a stochastic first-order oracle ∇f (·, ξ) which is unbiased

Eξ[∇f (·, ξ)] = ∇f (·)

and has bounded variance
Eξ[∥∇f (·, ξ) − ∇f (·)∥2

2] ≤ σ2
0 .
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Background

What has been done so far?

(that I can discuss in <5 minutes...)
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In the beginning, there was SGD

Stochastic Gradient Descent (SGD):

Input: x0 ∈ X , step sizes {γk }, horizon n ∈ N∗

for k = 0, 1, . . . , n − 1 do

Sample ξk
gk = ∇f (xk , ξk )
xk+1 = xk − γk gk

Output: xn

SGD uses a Euclidean geometry:

xk+1 = argmin
x∈Rd

⟨gk , x − xk⟩ +
1

2γk
∥x − xk∥2

2
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Then, there was a big bang! (Adam)

Adam [Kingma, 2014]:

Input: x0 ∈ X , step size γ, ϵ > 0, momentum
β1, β2, horizon n ∈ N∗

for k = 0, 1, . . . , n − 1 do

Sample ξk
gk = ∇f (xk , ξk )
mk = β1mk−1 + (1 − β1)gk

vk = β2vk−1 + (1 − β2)(gk )2

m̂k = mk

1−βk
1

v̂k = vk

1−βk
2

xk+1 = xk − γ√
v̂k +ϵ

⊙ m̂k

Output: xn

Adam uses a Mahalanobis geometry:

xk+1 = argmin
x∈Rd

⟨m̂k , x − xk⟩ +
1

2γ
∥x − xk∥2

2,Hk

with ∥x∥2,Hk :=
√

⟨x , Hkx⟩ and Hk ≈ diag(v̂k + ε2)

Adagrad, RMSProp, Adam, AdamW, etc, all adapt using a Mahalanobis norm.
tl;dr: coordinate-wise adaptive step size using 2nd moment + momentum.
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What about Muon [Jordan et al., 2024]?

1 Sample ξk and compute gk = ∇f (xk , ξk) (here, xk = [W k
1 , W k

2 , W k
3 ]T ).

2 Compute dual feedback dk = (1 − αk)dk−1 + αk∇f (xk , ξk).
3 Add Nesterov momentum: d̃k = (1 − β)dk + β∇f (xk , ξk).
4 Compute the update

[
W k+1

1
W k+1

2
W k+1

3

]
=

[
W k

1
W k

2
W k

3

]
− γk

[
Adam

msign(d̃k
2 )

Adam

]
(Compute orthogonalization + Adam)

(Optional)

[
W k+1

1
W k+1

2
W k+1

3

]
=

[
W k

1
W k

2
W k

3

]
− γk

[
ρ1 (Adam)

ρ2
(

msign(d̃k
2 )
)

ρ3 (Adam)

]
(Layerwise learning rate).

where msign(X) = UV T , X = UΣV T .
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Steepest Descent via Dual Norms

The update of SGD can be written

xk+1 = argmin
x∈Rd

⟨gk , x − xk⟩ +
1

2γk
∥x − xk∥2

2.

What if we change the

Assume the update has the form x − xk = α s with ∥s∥ = 1. Then:

argmin
α≥0, ∥s∥=1

α⟨gk , s⟩ +
α2

2γk
= argmin

α≥0
−α ∥gk∥∗ +

α2

2γk

where −∥gk∥∗ := min∥s∥≤1⟨gk , s⟩ is the dual norm and the optimal s⋆ solves argmin∥s∥≤1⟨gk , s⟩.
Optimizing over α gives α⋆ = γk∥gk∥∗

xk+1 = xk + γk∥gk∥∗ s⋆
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Linear Minimization Oracles

Given a norm ∥ · ∥, the associated linear
minimization oracle (lmo) gives back a direction
least aligned with its input,

lmo(g) ∈ argmin
{s : ∥s∥≤1}

⟨g , s⟩

The output of the lmo is always on the
boundary of the ball.
The lmo for the scaled ball is the scaled lmo
for the unit ball.

1
3
2

2
3

f(x)

x
lmo 1( f(x))
lmo 3

2
( f(x))

lmo 2( f(x))
lmo 3( f(x))
lmo ( f(x))

f(x)
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Examples of Linear Minimization Oracles

Linear Minimization Oracles (lmo) for Norm Balls
If D is the unit-ball associated to a norm ∥ · ∥,

then lmoD(g) = −∂∥g∥∗ where ∥ · ∥∗ is the dual norm.

Norm Linear Minimization Oracle (lmo)
ℓ2: ∥ · ∥ = ∥ · ∥2 lmo(g) = − g

∥g∥2

Dual Norm Steepest Descent (−∥g∥∗ lmo(g))
∥ · ∥∗ = ∥ · ∥2 −∥g∥2

(
− g

∥g∥2

)
= g

Steepest Descent in ℓ2-norm recovers gradient descent/SGD.

xk+1 = xk − γkgk
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i |gk
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If D is the unit-ball associated to a norm ∥ · ∥,

then lmoD(g) = −∂∥g∥∗ where ∥ · ∥∗ is the dual norm.

Norm Linear Minimization Oracle (lmo)
ℓ2 → ℓ2: ∥ · ∥ = ∥ · ∥op lmo(g) = −UV T where g = UΣV T (reduced SVD)

Dual Norm Steepest Descent (−∥g∥∗ lmo(g))
∥ · ∥∗ = ∥ · ∥Nuc −∥g∥Nuc

(
−UV T

)
=
(∑

i σi (g)
) (

UV T
)

Steepest Descent in ∥ · ∥op recovers spectral descent (up to step size).

xk+1 = xk − γk
(∑

i σi (gk)
)

msign(gk)

(we can compute this without SVD, using either Newton-Schulz or sketching.)

Tony Silveti-Falls, CentraleSupélec, | Motivation and Background 9 / 41



Beyond steepest descent

Instead of Steepest Descent
xk+1 = argmin

x∈Rd
⟨gk , x − xk⟩ +

1
2γk

∥x − xk∥2

which scales the lmo by ∥gk∥∗, we can directly use

xk+1 = argmin
x∈Rd

⟨gk , x − xk⟩ + ιγk D(x − xk)

= argmin
∥x−xk ∥≤γk

⟨gk , x − xk⟩

to get
xk+1 = xk + γk lmoD(gk).

Take-home Message
In deep learning, this ensures feature learning; steepest descent alone does not ensure the spectral conditions for feature
learning will hold.
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Conditional Gradient Algorithm

xk + 1

 ball
f(xk)

lmo( f(xk))

xk

f(xk)
lmo( f(xk) xk

xk + 1

The conditional gradient algorithm (also known as
the Frank-Wolfe algorithm [Frank and Wolfe,
1956]) solves constrained optimization problems:

min
x∈D

f (x)

Conditional Gradient (CG):

Input: x0 ∈ D, step sizes {γk } where γk ∈ [0, 1],
horizon n ∈ N∗

for k = 0, 1, . . . , n − 1 do
sk = lmo(∇f (xk ))
vk = sk − xk

xk+1 = xk + γk vk

Output: xn
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Stochastic Conditional Gradient Method with Momentum

(Unconstrained) Stochastic Conditional Gradient
(uSCG/SCG) [Pethick et al., 2025a]:

Input: x1 ∈ D, step sizes {γk }, momentum {αk },
horizon K ∈ N

Initialize d0 = 0
for k = 1, 2, . . . K − 1 do

Sample ξk
gk = ∇f (xk , ξk )
dk = (1 − αk )dk−1 + αk gk

sk = lmo(dk )

vk =
{

sk uSCG
sk − xk SCG

xk+1 = xk + γk vk

reduces variance in stochastic setting.
The has fixed norm of our choosing.
is “just” uSCG with .
uSCG solves the problem min

x∈Rd
f (x) while SCG solves the problem

min
x∈D

f (x) where D is a norm ball.
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Training Neural Networks at Any Scale - Expository Article (Nov. 2025)

This is a broad framework that covers many other algorithms through choice of norm + momentum (or other dual feedback)

arXiv:2511.11163, also at Signal Processing Magazine
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Weight Decay and SCG

Deep learning community argues that Weight Decay should not simply be seen as Tikhonov/L2 regularization ([Loshchilov
and Hutter, 2017]).

GD with weight decay (decoupled): xk+1 = (1 − γλ)xk − γ∇f (xk)

GD on Tikhonov problem (coupled): xk+1 = xk − γ∇
(

f (xk) + λ∥xk∥2
2/2
)

However, these really are equivalent up to a rescaling/renaming of constants (but decoupled is known to work “better” with
Adam).
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Adam).
In a noneuclidean setting, this point is critical because the lmo is nonlinear.

uSCG + weight decay → SCG: xk+1 = (1 − λ)xk + γ lmo(∇f (xk))

= (1 − λ)xk + λ lmo
γ/λ

(∇f (xk))

uSCG on Tikhonov problem: xk+1 = xk + γ lmo(∇f (xk) + λxk)
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uSCG + weight decay → SCG: xk+1 = (1 − λ)xk + γ lmo(∇f (xk))

= (1 − λ)xk + λ lmo
γ/λ

(∇f (xk))

uSCG on Tikhonov problem: xk+1 = xk + γ lmo(∇f (xk) + λxk)

Different Interpretation of Weight Decay
Weight Decay in this context transforms your unconstrained optimizer into a constrained optimizer, with implicit radii
that are dictated by the chosen combination of step size γ and Weight Decay λ!
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ALMOND

Averaged LMO directionNal Descent (ALMOND) [Pethick
et al., 2025a]:

Input: x0 ∈ D, step sizes {γk }, momentum {αk }, horizon n ∈ N
Initialize d0 = 0
for k = 0, 1, 2, . . . n − 1 do

gk = ∇f (xk , ξk )
dk = (1 − αk )dk−1 + αk lmo(gk )
xk+1 = xk + γk dk

The ordering between averaging and taking the
LMO matters!
Not competitive empirically.
Theoretically, can only show convergence to a noise
dominated region.
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lmo for product sets

We can only define our algorithm with respect to a single norm.

In the case where x = [W1, . . ., WL] and we want to assign a norm ∥ · ∥{ℓ} to each Wℓ for ℓ ∈ [L], we can take the max-norm,

∥x∥ := max
{

∥W1∥{1}, . . ., ∥WL∥{L}
}

Then, lmo(g) with respect to this norm is separable across the parameters gℓ:

lmo(g) = lmo

g1
...

gL

 =

lmo{1}(g1)
...

lmo{L}(gL)


with each lmo{ℓ} corresponding to the lmo over the ball induced by the norm ∥ · ∥{ℓ}.
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Picking a Norm and Initializations

If we can specify a norm ∥ · ∥αℓ for the input space and a norm ∥ · ∥βℓ
for the output spaces of each layer of our

network, then this induces an operator norm for each layer.

We can specify a norm for the whole set of parameters by taking

∥x∥ = max
ℓ∈[L]

{
∥Wℓ∥αℓ→βℓ

}
Spectral conditions for feature learning [Yang et al., 2023] suggest taking the RMS norm on the input and output spaces
of intermediary layers.
→ leads to a scaled ℓ2 → ℓ2 operator norm ∥ · ∥op on weight matrices

∥W ∥RMS→RMS =

√
din

dout
∥W ∥op.

The lmo associated to the ball for this norm is given by the scaled matrix sign

lmo(g) = −

√
dout

din
UV T , g = UΣV T .

The first and final layers require more thought!
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Norms for input layers

The operator norm chosen for the initial layer differs from the intermediary layers, depending on the task (NLP, images, etc).

vs

For image domains, we use the RMS → RMS norm. For text domains, we use a scaled 1 → ∞ operator norm.

We refer to the instantiation of uSCG and SCG using operator norms as Unconstrained Scion and Scion respectively:

Stochastic Conditional gradIent with Operator Norms
Scion
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Example: One step of Scion with (Sign→Spectral→Sign)

1 Sample ξk and compute gk = ∇f (xk , ξk) (here, xk = [W k
1 , W k

2 , W k
3 ]T ).

2 Compute dual feedback dk = (1 − αk)dk−1 + αk∇f (xk , ξk).
3 Compute the update [

W k+1
1

W k+1
2

W k+1
3

]
= (1 − γk)

[
W k

1
W k

2
W k

3

]
+ γk lmo

([
dk

1
dk

2
dk

3

])
(Definition of alg)

[
W k+1

1
W k+1

2
W k+1

3

]
= (1 − γk)

[
W k

1
W k

2
W k

3

]
+ γk

[
lmo{1}(dk

1 )
lmo{2}(dk

2 )
lmo{3}(dk

3 )

]
(lmo is separable)[

W k+1
1

W k+1
2

W k+1
3

]
= (1 − γk)

[
W k

1
W k

2
W k

3

]
− γk

[
sign(dk

1 )
msign(dk

2 )
1
m sign(dk

3 )

]
(Compute lmos)

(Optional)

[
W k+1

1
W k+1

2
W k+1

3

]
= (1 − γk)

[
W k

1
W k

2
W k

3

]
− γk

 ρ1
(

sign(dk
1 )
)

ρ2
(

msign(dk
2 )
)

ρ3
(

1
m sign(dk

3 )
)
 (Layerwise radii).
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On the effect of the batch size

Fix the total tokens and sweep batch sizes, adjusting steps accordingly.
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Hyperparameter Transfer: GPT Training
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Hyperparameter Transfer: GPT Training
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Classification with ImageNet: DeiT Base (Spectral→Spectral→Sign)

30% less epochs, 40% less wallclock time on same resources
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Significant accelerations are possible for imagenet training.
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Illustration of norm control: GPT Training

Let ρ be the radius of the set D that is used to define lmo. Both uSCG and SCG provide control over the norm of the output
xn:

SCG Guarantees ∥xn∥ ≤ ρ

uSCG Guarantees ∥xn∥ ≤ ρ
n−1∑
k=0

γk

Scion inherits these bounds!
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Convergence Results for fixed α independent of horizon n

Let ρ be the radius of the set D used in the lmo.

Theorem (Convergence rate for uSCG with constant α [Pethick et al., 2025a])

Let n ∈ N∗ and let {xk}n
k=1 be the generated by uSCG with α ∈ (0, 1) and constant step size γ = 1√

n . Then,

min
1≤k≤n

E[∥∇f (xk)∥∗] ∈ O
( Lρ

√
n

+ σ

)
Theorem (Convergence rate for SCG with constant α [Pethick et al., 2025a])

Let n ∈ N∗ and let xn be the output of SCG with α ∈ (0, 1) and constant step size γ = 1√
n . Then, for all u ∈ D,

min
1≤k≤n

E[⟨∇f (xk), xk − u⟩] ∈ O
(

Lρ2
√

n
+ σ

)
Take-home Message
Guaranteed convergence to a noise-dominated region induced by σ.
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Convergence Results for vanishing αk

Let ρ be the radius of the set D used in the lmo.

Theorem (Convergence rate for uSCG with vanishing αk [Pethick et al., 2025a])

Let n ∈ N∗ and let {xk}n
k=1 be generated by uSCG with αk = 1/

√
k and constant step size γ = 3

4n3/4 . Then,

min
1≤k≤n

E[∥∇f (xk)∥∗] ∈ O
( 1

n1/4 +
Lρ

n3/4

)
Theorem (Convergence rate for SCG with vanishing αk [Pethick et al., 2025a])

Let n ∈ N∗ and let {xk}n
k=1 be generated by SCG with αk = 1/

√
k and constant step size γ = 3

4n3/4 . Then, for all u ∈ D,

min
1≤k≤n

E[⟨∇f (xk), xk − u⟩] ∈ O
(

1
n1/4 +

Lρ2

n3/4

)
Take-home Message

Guaranteed convergence to a first-order critical point (in expectation) for either the unconstrained (uSCG) or the constrained
(SCG) problem.
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Scion (Feb. 2025)

arXiv:2502.07529, also at ICML 2025 (Spotlight)

https://github.com/LIONS-EPFL/scion
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Extension to clipping

Instead of Steepest Descent
xk+1 = argmin

x∈Rd
⟨dk , x − xk⟩ +

1
2γk

∥x − xk∥2

which scales the lmo by ∥dk∥∗, and instead of using

xk+1 = argmin
x∈Rd

⟨dk , x − xk⟩ + ιγk D(x − xk)

we can combine them to get
xk+1 = argmin

∥x−xk ∥≤γk

+⟨dk , x − xk⟩ +
1
2

∥x − xk∥2

which gives the clipped update
xk+1 = xk + min{γk , ∥dk∥∗}lmoD(dk).
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Convergence Results for vanishing Clipped Scion

The gradient ∇f is said to be (L0,L1)-smooth with L0, L1 ∈ [0, ∞) if, for all x , y ∈ X with ∥x − y∥ ≤ 1
L1

, it holds

∥∇f (x) − ∇f (y)∥∗ ≤ (L0 + L1∥∇f (x)∥∗)∥x − y∥. (1)

Let ρ be the radius of the set D used in the lmo.

Theorem (Convergence rate for Clipped Scion [Pethick et al., 2025b])

Let n ∈ N∗. Consider the iterates {xk}1≤k≤n generated by Clipped Scion with a constant stepsize γ ≤ 1/L0 and γρ ≤ 1/2L1.
Then,

min
1≤k≤n

E[∥∇f (xk)∥∗] ∈ O
( 1

n1/4

)
Take-home Message

This matches the worst-case rate of uSCG/SCG (Scion).
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To clip or not to clip
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Figure: Clipping improves over Scion by a 15% speedup on DeiT-base.
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Figure: Clipping can improve uScion by 10% on NanoGPT (1B). Effectively, uScion with clipping is Stoch. Spectral Desc. with momentum.
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Clipped Scion (Jun. 2025)

arXiv:2506.01913, also at NeurIPS 2025 (Oral)

https://github.com/LIONS-EPFL/ClippedScion

Extension to (L0, L1) smoothness with clipping.
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Kurdyka-Łojasiewicz inequality with forbidden exponent

The objective function f (x) is µ-KL for
some µ > 0, if the following inequality
holds:

∥∇f (x)∥∗ ≥ µ (f (x) − f ⋆) for all x ∈ X .

where f ⋆ = minx∈X f (x).
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Training with Scion at any scale

Theorem (Convergence of SCG)

Suppose f satisfies the µ-KL condition. Let d0 = g (x0; ξ0) and ∥x0∥ ≤ ∥x⋆∥ = R⋆ Let the parameters of Scion be chosen as
follows, where η is the norm-equivalence constant and σ is the gradient noise:

K = max
{

2, Õ
(

max
{

L
εµ2 ,

ησ

εµ
,

L(ησ)2

µ(εµ)3 ,
(ησ)3

(εµ)3

))}
,

β = min
{

1
K

,
1

R·µ
· O
(

εµ2

L
,

εµ

ησ
,

µ(εµ)3

L(ησ)2 ,
(εµ)3

(ησ)3

)}
ρ = 2R⋆, and α = min

{
1, O

(
(εµ)2

(ησ)2

)}
,

where O hides all numerical constants and Õ hides all numerical and logarithmic factors. Then, under mild conditions, the
output of SCG after K iterations satisfies E [f (xK ) − f ⋆] ≤ ε.
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Optimal scaling of Scion

Corollary

Let the token budget be large enough: T ≥ 2BS. Then, running the algorithm with parameters from Theorem 1 for T
BS

iterations, we achieve the loss

ε = Õ

max

 ρσ0

µ T 1/3(BS)1/6︸ ︷︷ ︸
small-batch noise

,
L1/3ρ2/3σ

2/3
0

µ4/3T 1/3︸ ︷︷ ︸
batch-independent floor

,
LBS
µ2T︸︷︷︸

iteration-starved


 . (*)

Remarks: With BS small, the first term in (*) dominates, ε diminishes with the increasing of BS.

When BS >
(

L
µησ0

)2, the second term dominates, ε is independent of BS.

Further increasing BS, the error deteriorates with BS.
◦ Large BS is preferable due to higher parallelism.
◦ The above motivates us to stay between the second and the third regime, which yields:

L
µ2

BS
T

=
(

Lη2σ2
0

µ4T

)1/3

⇔ BS =
(Tµησ0

L

)2/3
.
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Example

You’ve tuned on a base run with budget T0 and found optimal (B0, S0, β0). Now you want to train with budget T1 = r · T0.
Example: Suppose your base 124M run uses

T0 = 1.3B tokens, B0 = 256, S0 = 1024, β0 = 3.6 · 10−4.

Now you want a roughly 8× larger token budget, say T1 ≈ 10.6B. Then r ≈ 8.15, so:

r2/3 ≈ 4.05, r−1/3 ≈ 0.50.

Therefore:
B1S1 ≈ 4.05 · B0S0, β1 ≈ 1.8 · 10−4.

If you keep S = 1024, this gives B ≈ 1037, which you would round to B = 1024. Alternatively, B = 512 and S = 2048 gives
nearly the same token batch while also extending context length.
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Learning rates across token horizon

B = 416 for T = 2.7B, B = 672 for T = 5.3B, and B = 896 for T = 8.0B.
Momentum and sequence length are set to α = 0.1 and S = 1024, respectively.

Figure: The final performance of the 124M model when varying the Frank–Wolfe stepsize β under different token budgets (left: 2.7B, center:
5.3B, right: 8.0B). We average the train loss over 3 random seeds and report the moving average in the window of size 500. We observe that
the BST scaling rule predicts a good estimate for the optimal β when increasing the token budget. Moreover, the difference in performance
between BST and µP baselines grows with a token budget.
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Scaling Scion across token budgets (Mar. 2026)

arXiv:2506.01913, also at ICML 2026
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Selected Related Work

Frank-Wolfe [Frank and Wolfe, 1956], Stochastic FW
[Mokhtari et al., 2020], etc
Stochastic Spectral Descent [Carlson et al., 2015]
Duality Structure of Gradient Descent [Flynn, 2017]
PSGD [Li, 2017], [Pooladzandi and Li, 2024]
Shampoo [Gupta et al., 2018, Anil et al., 2020]
Muon blogpost [Jordan et al., 2024]
Modular Duality [Bernstein and Newhouse, 2024]
Kimi Moonlight [Liu et al., 2025]

Adaptive methods:
Gluon [Riabinin et al., 2025]
AdaMuon [Si et al., 2025]
NorMuon [Li et al., 2025]
AdaGo [Zhang et al., 2025]

Inexact variants, Period or Block LMO:
Beyond the ideal [Shulgin et al., 2025]
MuonBP (Block-Periodic orthogonalization)
[Khaled et al., 2025]
DropMuon [Gruntkowska et al., 2025]

Distributed/Federated versions:
Dion [Ahn et al., 2025]
Disco [Filatov et al., 2025]
Federated Muon [Takezawa et al., 2025]

More every single day...
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Extra plots
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