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Introduction

* Rule of thumb: understand simple things before complex things

 What’s the simplest optimization algorithm we don’t yet understand (in DL)??

 Claim: it’s gradient descent

* First, I'll describe what’s wrong with the traditional understanding

 Then, I'll explain how to fix it

* Finally, I’'ll cover the broader point (i.e. beyond GD) to take away



Gradient descent

» Consider gradient descent with a fixed learning rate #:

w1 =w,—nVLw)

* This is the simplest first-order optimizer, so we must understand it first



Background: quadratic objective functions

* On quadratics, GD oscillates if the curvature (2nd derivative) is too high

» Consider a 1d quadratic function L(x) = %sz, with curvature L"(x) = §

S<2/n S>2/n



Background: quadratic objective functions

 For a quadratic in multiple dimensions, curvature is quantified by Hessian

» GD oscillates along Hessian eigenvectors with eigenvalues greater than 2/7



Background: quadratic objective functions

 For a quadratic in multiple dimensions, curvature is quantified by Hessian

» GD oscillates along Hessian eigenvectors with eigenvalues greater than 2/7

Eigenvalue is > 2/n




What about deep learning?

 For DL objectives, can take quadratic Taylor approximation around any w

 Dynamics of GD on this quadratic depend on the top eigenvalue of the
Hessian H(w), i.e. the sharpness S(w) := A (H(w))

» If sharpness S(w) > 2/n, GD would diverge on the quadratic Taylor
approximation

e This suggests that GD doesn’t function properly if sharpness S(w) > 2/#n



Gradient descent in deep learning

 Why does gradient descent converge in deep learning?
 Natural idea: sharpness S(w) remains below 2/# throughout training

» i.e. GD stays inside the “stable region” {w : S(w) < 2/n}

« stable region




Gradient descent in deep learning

 Why does gradient descent converge in deep learning?
 Natural idea: sharpness S(w) remains below 2/# throughout training

» i.e. GD stays inside the “stable region” {w : S(w) < 2/n}
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* This is the picture suggested by traditional optimization theory (“L-smoothness”)



Deep learning reality

e Train neural network using GD with n = 0.02 (ViT on CIFAR-10):



Deep learning reality

e Train neural network using GD with n = 0.02 (ViT on CIFAR-10):

train loss top Hessian eigenvalue (sharpness)
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Quadratic Taylor approximation predicts growing
oscillations along top Hessian eigenvector



What happens next?

train loss
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What happens next?

utz(wt — Wto) where i, Is the top Hessian
eigenvector at step 7, = 1700
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top Hessian eigenvector
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This quantity is
predicted to oscillate



What happens next?

train loss
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Full gradient descent trajectory

train loss top Hesslian eigenvalue (sharpness)
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ViT / CIFAR-10 / gradient descent



What if we train at a different learning rate?

 Train same network with smaller learning rate # = 0.01 (orange):

train loss top Hessian eigenvalue (sharpness)
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ViT / CIFAR-10 / gradient descent



Expectation vs. reality

Expectation Reality

Gradient descent trains at the edge of stability
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This behavior is generic across DL settings

LSTM Transformer Mamba
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* This is not a weird edge case, it’s the typical behavior of GD in DL



What’s going on?

Cohen, Kaur, L1, Kolter, Talwalkar. Gradient descent on neural networks

typically occurs at the edge of stability. ICLR 21.

Why does gradient descent work in deep learning?



The answer

Damian®, Nichanmi*, Lee. Self-stabilization: the implicit bias of gradient descent

at the edge of stability. ICLR ’23.

* Jo understand dynamics of GD, need to Taylor expand to third-order.

* This expansion reveals the key ingredient missing from traditional theory:

Oscillations along the top Hessian eigenvector
automatically reduce the top Hessian eigenvalue.




Informal sketch

due to oscillations,

current iterate W o~ we're here Suppose that GD is oscillating
® along the top Hessian eigenvector u
x4 top Hessian |
® eigenvector U How does the gradient V L at
%
w W=W*+xu

A\

without oscillations,
we’d be here

relate to the gradient at w*?

cartoon of weight-space dynamics



Informal sketch

current iterate W By Taylor expansion around w*:
VLW* + xu) =
XU gradient at w
@



Informal sketch

current iterate W By Taylor expansion around w*:

VL(wW* 4+ xu) = VL(w*) + O(x)

XU gradient at w gradient at w*



Since u is a Hessian eigenvector

Informal sketch

. . =5(WwH)xu
current iterate W By Taylor expansion around w*:
o / \
VL(W* + xu) = VL(w*) + H(w*)[xu] + O(x?)
XU gradient at w gradient at w* oscillation
@
o * This term sends a negative gradient step computed

at w* 4+ xu towards the —u direction.
* [his term Is causing us to oscillate

 The “magic” comes from the next term in the Taylor
expansion...



Informal sketch

 The next term in the Taylor expansion is:
curvature in u direction = S(w*)

= x* V. [uTH(w*)u] + O(x*)

gradient of curvature in u direction = V.S(w™*)



Informal sketch

 The next term in the Taylor expansion is:

%XZVS(W*) + O(x”)

gradient of sharpness

» Thus, a negative gradient step computed at w* + xu automatically takes a

negative gradient step on the sharpness with step size %nxz

generates

/\

reduce

Negative feedback loop!




Revisiting the behavior of GD

 Now we can finally understand the dynamics of gradient descent:
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2. Oscillations = sharpness reduction



Revisiting the traditional theory

e [raditional theory doesn’t properly capture cause and effect
 (Gradient descent doesn’t converge because the curvature is small...
e ... It converges because it keeps the curvature small

» Key ingredient: third-order Taylor expansion



Discussion

* | haven’t used any properties of deep learning — only local Taylor expansions
 We believe “self-stabilization” is a very generic behavior of GD, beyond DL
e |tis “progressive sharpening” that is the signature property of DL

* Precise claim: if you start stable, you remain stable

o See Alex & Eshaan’s “self-stabilization” paper for a proof under certain
assumptions

* The third-order story yields checkable numerical predictions (as you’ll see)



How can we analyze gradient descent?

* Unfortunately, EOS dynamics are challenging to analyze in fine-grained detalil
* Need to track the mutual interactions between oscillations and curvature

* There are frequently multiple unstable eigenvalues — chaotic dynamics



How can we analyze gradient descent?

* Unfortunately, EOS dynamics are challenging to analyze in fine-grained detalil
* Need to track the mutual interactions between oscillations and curvature

* There are frequently multiple unstable eigenvalues — chaotic dynamics
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How can we analyze gradient descent?

Alex Damian

 We argue that the exact oscillatory GD trajectory doesn’t matter
* Rather, what matters is the macroscopic (long-term) path that GD takes

* Jo characterize this path, we derive a differential equation called a central flow

* QOur analysis is hon-rigorous, but we show that it makes accurate numerical
predictions on “real” neural nets



What path does gradient descent take?

* The usual continuous-time approximation to gradient descent is gradient flow:

dw __
— = —nVLw)

 Empirically, GD follows gradient flow before reaching EOS, but splits afterwards



What path does gradient descent take?

* The usual continuous-time approximation to gradient descent is gradient flow:

dw

dt

VL(w)

 Empirically, GD follows gradient flow before reaching EOS, but splits afterwards
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What path does gradient descent take?

* Our central flow matches the trajectory of gradient descent even at EOS:
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The main idea, In one picture

* The central flow models the time-averaged (i.e. locally smoothed) GD trajectory

—  (Gradient Descent
- == (Gradient Flow
— == (Central Flow




CAUTION
Central flow (one unstable eigenvalue) et

oscillation
iterate central flow  magnitude

top Hessian

We model the gradient descent trajectory as: W, = W(f) + x, U(?) cienvector

W, By Taylor expansion, the gradient at w, Is:
5 gradient at iterate  gradient at flow oscillation gradient of sharpness
X, U 1
) VL(w,) = VLW(t)) + X, S(W(2)) + 5x7 VS(W(1))
w(1)

Therefore, the “time-averaged” gradient is:

gradient at iterate =~ gradient at flow Implicit sharpness penalty

-V L(w,) = VL(W()) + X, W + LE[] VS(W()
?

variance of oscillations




CAUTION
Central flow (one unstable eigenvalue) et

* We suppose that the time-averaged GD trajectory follows an ODE of the form:

“Instantaneous variance” of the oscillations
/ (i.e. local time average of x2)

d_w = —7 lVL(w) + laz(t)VS(w)]
dt 2

gradient flow sharpness penalty

* This flow averages out the oscillations, but keeps their effect on the trajectory.

. To determine o°(t), we argue that only one value “makes sense”

» Empirically, the sharpness equilibrates at 2/#.

« Therefore, we enforce that along the central flow, % = ().

00000000000000000000000000000000



Central flow (one unstable eigenvalue)

* The time derivative of the sharpness under our flow is:

dS < W) dw> h |
. | — W ,_ "
l— — QS l— cnain ruie

= <VS(W), —n | VL(w) + %02(1‘) VS(w) > substitute in our flow

= (VSW), = nVLW)) — 5n6*@®) [IVSW)II>  simpity

time derivative of sharpness sharpness-reduction
under gradient flow effect of oscillations

» We see that % s affine in 0%(¢). In order for % =0, o*(f) must be:

- 2(=VL(w), VS(w))
- IV S(w)||?

o(1)



Central flow (one unstable eigenvalue)

* The central flow for a single unstable eigenvalue is:

] (=2VL(w), VS(w))

e, [VL(W) + —az(t)VS(w)] where o(7) =

At 2 IVSw)l|2



Central flow (one unstable eigenvalue)

* The central flow for a single unstable eigenvalue is:
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Central flow (one unstable eigenvalue)

* The central flow for a single unstable eigenvalue is:

dt

top Hessian eigenvalue

dw
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Central flow (one unstable eigenvalue)

* The central flow for a single unstable eigenvalue is:

dt

top Hessian eigenvalue

dw
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Central flow (one unstable eigenvalue)

* The central flow for a single unstable eigenvalue is:

(=2 V L(w), VS(w))
|VSw)l|

dw
— = [VL(W) + %az(t)VS(w)] where o(7) =
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gradient flow grows
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Interpretation as projection

o Substitute the expression for GZ(I) into the central flow:

d_w . VSw)VSw)' VL)
a IVSon)I2 "

e “Project the V.S(w) direction out from V L(w)” — VL(w)

» Implies loss decreases monotonically w y VS(W)




CAUTION
Complete central flow

We make the ansatz that GD follows a central flow of the form:

dw 1

gradient flow Implicit curvature penalty

penalize “2.-weighted Hessian”

» We similarly argue that only one value “makes sense” for 2.(%).



Complete central flow

 \WWe impose three conditions:
1. The flow should not allow any Hessian eigenvalue to go above 2/7
2. 2(t) should be supported within the Hessian’s 2/# eigenspace
3. 2(?) should be positive semidefinite

» These three conditions imply that 2.(#) must be the unique solution to a
certain convex program called a semidefinite complementarity problem.

« The central flow is defined with this 2:(7).

» Note: when sharpness < 2/n, 2(t) = 0 and we get gradient flow.



Central flow in action

distance to gradient

top 4 Hessian eigenvalues descent trajectory
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Central flow in action

distance to gradient

top 4 Hessian eigenvalues descent trajectory
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Central flow in action

top 4 Hessian eigenvalues
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2. accurately predicts oscillation covariance!
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Reasoning about loss curves

e The train loss Is non-monotonic over the short
term, but decreases over the long term



Reasoning about loss curves

528 train loss

|  Central flow lets us decompose the loss
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Reasoning about loss curves

096 train loss

|  Central flow lets us decompose the loss
024 - curve Into a part that decreases

monotonically, and a part from oscillations
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0.20 - =[L(w)] = L(w(?)) + p tr 2(z)
018 - time-averaged  loss along contribution

' GD loss central flow from oscillations
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gradient descent
time average



Our analysis applies to generic neural nets

CNN VIT ResNet
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What about stochastic gradient descent?

 SGD oscillations/fluctuations also induce implicit curvature penalty

» But SGD fluctuates before 2/1, so sharpness is regulated before reaching 2/

A B -
B o o . 200
. 200 - r ~ (g s ANy s . ]
S S
3 S
~ _ — 150 A
S 150 - s
,<E — b =50 ,<5
® —— b =100 0 ]
§ —— b =200 9:03 1001
&4 100 —— b =500 a.
g b = 1000 &
5 GD N 50
- 2/n =200
o
0 5k 10k 15k 20k
Training step Training step

Liao, Kolomvaki, Kyrillidis. “SGD at the Edge of Stability: The Stochastic Sharpness Gap.” arXiv 2026.

 Broader point stands: L-smoothness is dynamically regulated by algorithm



“So what? Does this suggest a better algorithm?”

* That’s not our immediate goal
* Practical algorithm design is currently bottlenecked on understanding

 The way to maximize our long-term impact on practice is to focus on
understanding the foundations now

 Maybe someone will put this theory to good use next month
* Or maybe it will take years
 We have faith that eventually, a true understanding will yield practical gains

 Maybe big ones ...



Paper and blog site

o Paper: “Understanding Optimization in Deep Learning with Central Flows”

* Blog site: http://centralflows.github.io

 Part 1: How does gradient descent work?
 Part 2: A simple adaptive optimizer

» Part 3: How does RMSProp work?


http://centralflows.github.io

