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MODELS AND MODELLING

What are models?
• A model is a simplified representation of reality (an observed 

or studied system)
• Captures some key features of the system, not all of them
Models are like (geographical) maps
• Different maps for different purposes; focus on different 

objects; different scales
• Never contain all the details
Two basic kinds of models
• Physical models — e.g., a car or plane in a wind tunnel
• Mathematical models — equations, computer programs
Modelling is the construction (and use) of models
Model building/synthesis and model analysis
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WHY DO WE BUILD MODELS?

Models are an omnipresent analytical tool, 
because of the following properties

• Data integration: Models integrate potentially vast 
collections of observations/ measurements into a 
single entity

• Prediction: Models allow for simulation and 
prediction of the future behavior of the studied 
system under varying conditions

• Explanation: Models can provide explanations, i.e., 
reveal the structure of processes and phenomena 
that govern the behavior of the observed system
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HOW DO WE BUILD MODELS?
Modelling from first principles vs. empirical modelling
Knowledge-driven modelling focuses on domain knowledge:
1. Expert derives proper model, based on knowledge of domain and 

modelling formalism
2. Typically, both the structure and parameters of the models are 
derived by the expert from  knowledge about processes and process 
rates/parameters

Data-driven (empirical) modeling focusses on data:
1. (Many) Different model structures (from a given class) are 

considered in a trial& error fashion
2. A model = structure + parameter values that fits the data best is 

returned, which doesn’t rely on domain knowledge and is most 
often black box
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MODELS IN SCIENCE: 
REPRESENTATION OF SCIENTIFIC KNOWLEDGE

Scientific knowledge is typically represented in  scientific formalisms 
(e.g., equations, pathways), introduced & routinely used by scientists

It involves domain expertise, e.g., concepts from the studied scientific 
domain
Is accessible to/communicable among domain scientists
Scientific modelling is related to scientific discovery

Newton’s theory of gravitation Krebs’ citric acid cycleKepler’s laws of planetary motion
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SCIENTIFIC DISCOVERY AS PROBLEM SOLVING

Many philosophers of science have held mystical views of 
scientific discovery, believing it to be ‘immune to logical 
analysis’, ‘inherently irrational’ and ‘beyond understanding’

Herbert Simon (1966) put forward the view that 
• Problem solving can be viewed as heuristic search
• Scientific discovery is a kind of problem solving, involving

• Search through a space of problem states

• Generated by applying mental operators

• Guided by heuristics to make it tractable
This paved the way for understanding and automating SD
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COMPUTATIONAL SCIENTIFIC DISCOVERY

Scientific Discovery is the process by which scientists create 
or find hitherto unknown knowledge, such as

• A new class of objects (e.g., new class of celestial objects, say 
quasars, or a new species of living organisms)

• An empirical law, e.g., Kepler’s law of planetary motion
• An explanatory theory, e.g., Newton’s theory of gravity

Computational scientific discovery aims to 
• Provide computational support for and 
• Automate certain aspects of this process
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SCIENTIFIC KNOWLEDGE STRUCTURES

In the process, of scientific discovery, scientists generate 
and manipulate/revise scientific knowledge structures

• Observations
• Taxonomies
• Laws
• Theories
• Models, Predictions, Explanations (derived from the above)

Taxonomies
• Define or describe concepts for a domain, along with 

specialization relations among them
• Specify the concepts and terms used to state laws and theories
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SCIENTIFIC KNOWLEDGE STRUCTURES

Laws: Summarize relations among observed variables, 
objects or events
Theories: 

• Statements about the structures or processes that arise in 
the environment

• Stated using terms from the domain's taxonomy 
• Interconnect laws into a unified theoretical account

Models: More specific than laws, 
adapt a general law to a specific situation/system 

• E.g., F = m x a (Newton’s second law)
• For a specific object of mass 2.3 kg, 

we would have the model F = 2.3 x a
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COMPUTATIONAL SCIENTIFIC DISCOVERY: 
FINDING EQUATIONS IN DATA

• Input: Observations of distances between moons and Jupiter (d) and periods 
of their orbits (p)

• Output: Kepler’s third law 
• Process of discovery

• BACON (Langley 1978; Langley et al. 1987)
• Carries out heuristic search through the space of numeric terms, looking for 

constant values and linear relations

• Proceeds from observed variables to constant theoretical term
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AUTOMATED MODELLING OF DYNAMIC 
SYSTEMS: FINDING ODEs IN DATA

• Input: Observed behavior of dynamic system

• Output: System of ODEs
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FINDING POLYNOMIAL ODEs: LAGRANGE 

Parametric specification of the search space of 
polynomial ODEs (Dzeroski and Todorovski 1993)
• Introducing time derivatives up to order o (numerically)
• Introducing new terms with multiplication of system variables 

and their derivatives (up to degree d)
• Exhaustive search: Generating and testing equations using linear 

regression with max r independent variables 
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FINDING POLYNOMIAL ODEs: CIPER 
Constrained induction of polynomial equations  (Todorovski, Ljubic, Dzeroski 2003)
Input: training data D, dependent variable vd (derivative), number of equations b
Output: the b polynomial  equations for vd that are best wrt the data D, according 
to the MDL heuristics

Heuristic (beam) search through the space of eqns
• Starts with simplest equation vd == const
• Uses a refinement operator on polynomial eqns
• Refinements are super-polynomials of parents
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SINDY: POLYNOMIAL ODEs WITH SPARSE 
LR (BRUNTON, PROCTOR & KUTZ 2016)
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INTEGRATING DATA- AND KNOWLEDGE-DRIVEN 
MODELLING

• Allows flexible trade-off between data and domain knowledge 
and handles
• Lots of knowledge and little data or
• Lots of data and little knowledge, as the case may be

• Produces models that fit the data well, but also make sense 
from the domain point of view

• Domain knowledge can be about
• The basic building blocks of systems/ models in the domain
• Existing models in the domain (that need to be revised)
• Incomplete models, then need to be completed

• All of these can be expressed with grammars
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GRAMMAR-BASED EQUATION DISCOVERY

• Input: Observed behavior of dynamic system + Grammar

• Output: System of ODEs
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EXAMPLE CFGS FOR EQUATIONS

• Universal grammar (arithmetic expressions); Polynomials
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GRAMMARS ARE GENERATIVE MODELS

• Parse trees derive expressions from a grammar

• Refinement of parse trees: To get more complex equations, use more 
complex production rules instead of simpler ones 

• E.g., use second instead of first rule below
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SEARCHING THE SPACE OF EQUATION 
STRUCTURES DEFINED BY THE GRAMMAR

LAGRAMGE (Todorovski & Dzeroski 1997)
• Exhaustive search, generate and test equations 

corresponding to parse trees of limited depth
• Heuristic search (beam search)
1. start with simplest parse tree, then repeat
2. evaluate parse trees, place them in beam, retain k best 
3. if beam not changed, stop & report beam content
4. otherwise expand/refine each parse tree on the beam

Parameter estimation (gradient descent, RRR; diff. evolution)
Search can also be performed with grammar-based genetic 
programming (that’s how we got the idea for LAGRAMGE)
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MULTI-LAYER REPRESENTATIONS: 
PROCESS-BASED MODELS

• Integrate two aspects of equation-based models
• Quantitative aspect: ODEs with given structure and parameter 

values that allow simulation

• Qualitative aspect: explanation of the structure of the 
modeled systems in terms of entities and processes

• In equations: Variables correspond to entities, terms 
correspond to processes
• Exponential growth of hare population
• Exponential loss of fox population
• Predator-prey interaction between the two species
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PBM: QUALITATIVE ASPECT

fox hare

predator-preyloss growth
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PBM: QUANTITATIVE ASPECT

fox hare

predator-prey
d hare / dt = -
0.35×hare×fox
d fox / dt = 0.03×hare×fox

loss
d fox / dt = -1.2×fox  

growth
d hare / dt = 
2.5×hare
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QUALITATIVE & QUANTITATIVE ASPECTS OF PBMS

fox hare

predator-prey
d hare / dt = -
0.35×hare×fox
d fox / dt = 0.03×hare×fox

loss
d fox / dt = -1.2×fox  

growth
d hare / dt = 
2.5×hare
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LEARNING PROCESS-BASED MODELS: INPUTS

a) Library of domain knowledge; b) Data (obs. beh.); c) Incomplete 
model (incl. some template processes) 
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• In computer-readable format

LEARNING PROCESS-BASED MODELS: INPUTS
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• In human & computer-readable format

LEARNING PROCESS-BASED MODELS: OUTPUTS
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THE LAGRAMGE APPROACH TO IPM

• Take domain knowledge and task specification
• Generate a grammar from these

• Take the grammar and observed data and give these as 
input to LAGRAMGE
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TRANSFORM PBM PROBLEM INTO FORM SUITABLE 
FOR LAGRAMGE
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THE TASK OF GRAMMAR-BASED 
INDUCTIVE PROCESS MODELLING

• Input: Observed behavior of dynamic system + Grammar

• Output: Set of ordinary differential equations(ODEs) 
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DIRECT SEARCH IN THE SPACE OF PBMS

fox hareinteraction§

fox hare
predator-

prey§

fox haresymbiosis§

fox hare
competitive 
exclusion§

fox hare
unlimited 
predation§

fox hare
limited

predation§

Interaction

Predator-
Prey

Unlimited 
predation

Limited 
predation

Symbiosis

Competitive 
Exclusion
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PROBMOT: SW PLATFORM FOR 
LEARNING PROCESS-BASED MODELS

• Process-Based Modeling Tool 
• Given library of domain knowledge, incomplete model (task 

specification), measured data
• Generates (exhaustively/heuristicaly) model structures
• Fits model parameters and 
• Finds best candidate (process-based) model(s)
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EQUATION DISCOVERY WITH PCFGS (BRENCE ET AL.)

• Basic idea: Instead of CFGs, use Probabilistic CFGs

• Probabilistic CFGs are much like CFGs
• They consist, in essence, of production rules

• In PCFGs, each production rule has a probability
• For each nonterminal symbol A, the probabilities of 

all production rules with A on the LHS sum up to 1 
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PROBABILISTIC CFGS FOR EQUATION DISCOVERY: 
EXAMPLE

• A PCFG for arithmetic expressions
• Probabilities for each non-terminal symbol sum up to 1
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SAMPLING EXPRESSIONS FROM PCFGS & 
MONTE-CARLO ALGORITHM FOR EQUATION DISCOVERY
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THE UTILITY OF PCF GRAMMARS IN 
EQUATION DISCOVERY

• CF Grammars can be used to represent 
different kinds of domain knowledge

• Basic building blocks of systems/ models 
in the domain

• Existing models in the domain 
(that need to be revised)

• Incomplete models,                                   
than need to be completed

• PCFGs can be used to express 
parsimony preferences

• PCFGs have been recently used to 
represent dimensional constraints
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Production frequencies

LEARNING (PROBABILITIES IN PCF) GRAMMARS FROM 
CORPORA OF EQUATIONS (CHAUSHEVSKA EL AL. 2023)

Parse

Initial grammar Corpus of equations

Parse trees

Updated grammar

𝐸𝐸 → 𝐸𝐸 + 𝐹𝐹 0.2 𝐸𝐸 − 𝐹𝐹 0.2 𝐹𝐹 0.6
𝐹𝐹 → 𝐹𝐹 ∗ 𝑇𝑇 0.2 | 𝐹𝐹/ 𝑇𝑇 0.2 | 𝑇𝑇 [0.6]
𝑇𝑇 → 𝑅𝑅 0.2 | 𝑉𝑉 0.4 | 𝑐𝑐 0.4
𝑅𝑅 → 𝐸𝐸 0.6 | sin E 0.1 | cos E 0.1
→ 𝐸𝐸 0.1 | exp 𝐸𝐸 [0.1]

𝐸𝐸 → 𝐸𝐸 + 𝐹𝐹 0.10 𝐸𝐸 − 𝐹𝐹
𝐹𝐹 → 𝐹𝐹 ∗ 𝑇𝑇 0.36 | 𝐹𝐹/ 𝑇𝑇

0.15 𝐹𝐹 0.75
0.24 | 𝑇𝑇 [0.40]

𝑇𝑇 → 𝑅𝑅 0.15 | 𝑉𝑉 0.72 | 𝑐𝑐 0.13
𝑅𝑅 → 𝐸𝐸 0.56 | sin E 0.12 | cos E
→ 𝐸𝐸 0.14 | exp 𝐸𝐸 [0.09]

0.09
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USING LEARNED GRAMMARS IN EQUATION DISCOVERY

• Probabilities in the universal grammar used earlier 
now learned from the 100 algebraic equations   
from R. Feynman‘s textbooks

• Everything else kept the same
• Successfully reconstructed equations: 43
• As opposed to 36 when using probabilities 

specified manually
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USING GRAMMARS TO TRAIN 
OTHER GENERATIVE MODELS (MEZNAR ET AL. 2023)

• Generate many 
expressions from a 
grammar

• Train a hierarchical 
variational autoencoder

• Explore the HVAE latent 
space with Evolutionary 
Algorithms
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RECURSIVE ENCODING AND DECODING OF 
EXPRESSION TREES
- Recursive encoding from leaf to root nodes
- Use zero-vectors for missing child nodes
- Encoding cell: modification of the GRU cell (GRU21)

- Recursive decoding from root to leaf nodes
- Number of children depends on symbol in the generated node:

- Operator: generate both descendants
- Function: generate left descendant
- Variable, constant: finish decoding this branch
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LINEAR INTERPOLATION
- Syntactically similar expressions are close together in 

latent space
- We encode two expressions and generate a sequence 

of points with the formula

- We decode expressions and expect a smooth transition   
between expressions
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EVOLUTIONARY ALGORITHM (EDHiE)

- EDHiE (Eq. disc. with Hierarchical variational autoEncoders)
- Crossover: Offspring as convex combination of two parents

- Mutation: Sample a point from the Gaussian distribution 
with bias toward the vicinity of the individual

- Nguyen benchmark results
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THE VISION: 
AUTOMATED SCIENTIFIC MODELING

• AI/Machine learning approaches capable of functioning within 
the scientific knowledge ecosystem and contributing to the 
pool of scientific knowledge
• Using both observations and existing knowledge/models
• Producing new knowledge (models) that can be used further (by 

both humans and machines)
• To this end, we need to

• Integrate knowledge-driven and data-driven modeling
• Data and knowledge need both to be first-class citizens, so that 

one can store, query/find, retrieve and reuse them
• Representations for models and knowledge should be close to 

those used by humans in scientific modeling
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ARTIFICIAL INTELLIGENCE FOR SCIENCE @ JSI
National projects, Gravity framework 
Artificial Intelligence for Science (GC-001): AI4Sci
The project focuses on the development of AI approaches 

along four major directions and their use in 
materials science, life sciences, environmental sciences

AI & Materials Science (GC-004): CHRONOSTORE
Chemical Energy Storage Solutions Across Temporal Scales for 

Climate-Resilient Renewable Energy Systems 
AI & Life Sciences/ Personalized Medicine (GC-005): BOOST
Bridging oligonucleotide-based therapeutic upregulation of 

translation
AI & Environmental/Earth Sciences (GC-006): GeoAI
Geospatial information technologies for resilient and sustainable 

society



44

ARTIFICIAL INTELLIGENCE FOR SCIENCE (GC-0001)
National project, Gravity framework 
Develop Artificial Intelligence methods suitable for use in Science
Structured in four workpackages
• Explainable ML for science
• Foundation models for science,
• Automated scientific modelling, and 
• Semantic technologies for open science.
Applications in the Sciences
• Materials Science
• Life Sciences
• Environmental Sciences
• Mathematics
• Computer science (ML, optimization): AutoML/AutoOpt
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AI FOR SCIENCE: INSTITUTIONAL INFRASTRUCTURE
(llm.ijs.si)

Local infrastructure at JSI, serving LLMs to researchers at JSI
At the end of March 2024, we released a preliminary service, 

based on the LLM model Mistral7B

By October 2024, we had added a few additional LLMs 
We have a local setup of open-sourced LLMs, hosted on JSI 

infrastructure, available via a chat assistant & programmatic API 
• Fast and scalable implementation using Paged Attention
• Up to few thousand concurrent connections

Different LLMs available at llm.ijs.si for different purposes
• Multiple models are implemented concurrently, including DeepSeek and 

MathModels – Mathstral, which are specialized in custom domains. 
• Current list (left) includes GAMS, a LLM for Slovene
• This specialization allows them to deliver tailored solutions for specific 

applications, enhancing their effectiveness and performance in niche areas.



SLAIF: SLOVENIAN AI FACTORY
AI HPC, SERVICES & ACTIVITIES

46

Access to Computing and Data 
Infrastructure

General Workflows for Training and 
Fine-Tuning Models

• Large language models
• Large speech models
• Vision-language models
• Multimodal models

Domain-Specific Workflows and 
Models for Different Verticals

• Green transition
• Health and biotechnology
• Digital society
• AI for science

AI Education/ Skills Development

Combination of CPU and GPU resources, supporting both traditional HPC and AI computing:
• CPU: approx. 10 petaFLOPS
• GPU: 30 petaFLOPS (Phase 1) +70 petaFLOPS (Phase 2) = 100 petaFLOPS in total
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ARTIFICIAL INTELLIGENCE FOR SCIENCE @ JSI
EU funded projects

AIREA: European Network of Excellence for AI-Enabled 
Agricultural & Environmental Pollution Science

DIAMOND: Digital Innovation for Advanced Materials and Novel 
Design

ELAI: European Laboratory for Artificial Intelligence

ELIAS: European Lighthouse of Artificial Intelligence for 
Sustainability

LLMs4EU: Large Language Models for the European Union

AutoLearn-SI: Leveraging Benchmarking Data for 
Automated Machine Learning and Optimization
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