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Motivations: need of tools for dynamical network analysis

Social network Power network Brain network

@ Static networks: connectivity, centrality, modularity, ...

@ Dynamical networks: equilibria, stability, basins of attraction, ....
Controllability as a natural metrics of the interaction strength in dynamic
networks

Questions:
@ Is the network controllable?
@ How many control nodes?
@ How to select control nodes?
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Controllability

\.ﬁ L -, \5.
\..- - - a._'.\.‘o .
\'._ T \. : A Conrolled node

n states system with dynamics

xi(t) = >_; Aixj(t) + uj(t) controlled node
xi(t) = >_; Aixj(t) uncontrolled node

x(t) = Ax(t) + Bu(t)
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Controllability

x(t) = Ax(t) + Bu(t)

Controllability: We can reach any final state by acting on the input signal

u(t)

T final

Zinit = 0
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Popular approach: Structural Controllability

.
ST
\.n, \k. \. : \0 Controlled node

x(t) = Ax(t) + Bu(t)
Only zero/nonzero pattern of A is imposed.

Structural controllability: Given a non-zero pattern of the matrix A, the
system is structurally controllable, if it is controllable for (almost) every
choice of the weights on the non-zero positions.

@ Pros: It allows graph theoretic analysis.
@ Cons: It hides a certain kind of uncontrollability when n is large.
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Warnings on Structural Controllability

o If the graph is strongly connected network with self loops (Aj; # 0)
then the the system is structurally controllable from any single node.

@ However, this seems to be in some sense unrealistic in practice.

@ Need to introduce an energy aware notion of controllability.

Yan, G., Ren, J., Lai, Y. C., Lai, C. H., Li, B. Controlling complex networks: How much energy
is needed?. Physical review letters, 108(21), 2012.

F Pasqualetti, S Zampieri, F Bullo, Controllability metrics, limitations and algorithms for
complex networks, IEEE Transactions on Control of Network Systems 1 (1), 40-52, 2014

Sandro Zampieri (DEI) Energy-Aware Controllability September 22, 2023 8/36



Energy related controllability metrics

/\/‘ * % final

Tinit = 0

Energy(u(t)) := /0 " (o) 2t

Opt — Energy (u(t)) = Xghoy W™ Xfinay

where W is the controllability Gramian
o0 T
W= / BB e tdt
0
High controllability < Large Gramian < Small control energy

Scalar metrics:  Amin(W), Amax(W), 2 tr(W )%tr(W‘l),det(W)%
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Energy related controllability metrics

Opt — Energy(u(t)) = x{ ;W ™ Xxfinas

@ Amax(W), tr(W) are more mathematical treatable but with a less
control meaning.

® Amin(W) ™1 is the worst case control energy for unit norm target
states.

° %tr(W*I) is the average control energy for unit norm target states.

o det(W) is the volume of the state space that is reachable by norm
one inputs.
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Energy related controllability metrics

n
)\min(W) S m S det(W)l/n S - S )\max(W)
@ Amin(W) and tr(Tn*I) are equivalent since
Amin(W) n
< < Amin(W
n —tr(W-1) — min (W)
@ Amax(W) and LHW) are equivalent since
w tr(W
Amax( ) r(W) < Amax(W)
n n
In the sequel we analize Apin(W) and Amax(W).
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Energy related controllability metrics

@ Pros: Good metrics of controllability for large scale dynamical
networks

@ Cons: Difficult to relate to the network A and to the control nodes
allocation B

Need to find good proxies of the controllability degree:
Controllability increases when

@ number m of input increases
© when A approaches instability
© when A displays a "spatial” instability

Sandro Zampieri (DEI) Energy-Aware Controllability September 22, 2023

13/36



Example: Line

where o, § > 0.

é
B8 8 . .
u"J‘l 2 3

n

X;(t) = —(5X,'(t) + OéX;_l(t)

0 c RMXN

B =

As expected all controllability indices grow as § — 0
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Example: Line

108 §=1,n=10
1012

100
10-6
10712
10-18

0.1 1 10
« n n

(b)

— det(Wa) T ——— tr(Wae)/n ~— Amax(Wee) —— n/tr(W!) —— Amin(Wao)
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Example: Line

metric asymptotic behavior

Amin(W) (afz(s)%
n/tr(W—1)

det(W)L/n | ()%

Amax(W) | (2)*" if >0
tr(W)/n | decays polynomially in n if « < §
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Example: Random geometric

—— tr(W)/n
—~— Amax(W)
—— det(W)*
—— n/tr(W™)
——— Amin(W)

n=100,m=230,6=5 ’ o
(a) (b)
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Controllability estimates

x|
®
-

x

Controllability is influenced by
@ Number m of inputs
@ Distance to instability of A=spectral abscissa of A

p(A) := max{Re[\] : A eigenvalues of A} <0

@ Spatial instability=Degree of non-normality of A.
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Matrix non-normality

A is normal if AAT = AT A. Otherwise it is non-normal.

LLOYD N. TREFETHEN

MARK EMBREE

SPECTRA

AND

PSEUDOSPECTRA

The Behavior of Nonnormal

Matrices and Operators
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Matrix non-normality

1]

dominant eigenvalue
non-normality
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Characteristics of normal matrices

For normal matrices we have:
Q A is diagonalizable with eigenvector matrix V' having condition
number k(V) = 1.
@ Let p(A) is the spectral abscissa and w(A) := p (AJFTAT) (called the
numerical abscissa). Then w(A) = p(A).
© The Shur form of A is diagonal.

A 0 0 0

0 X O 0

UTAU=A= 1[0 0 A3 0
| 0 0 0 Apj

with U orthogonal.
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Non-normality indices

We can propose 3 ways to measure the matrix non-normality:
@ For diagonalizable non-normal matrices take the condition number
k(V) of the eigenvector matrix V of A.
@ Take the gap between w(A) and p(A)

© Take the Shur form of A and let N be its strictly lower triangular
part. We can take ||N|| as a non-normality index

UTAU=A+N
[0 0 0 0]
Noyp 0O 0 0
N=|N:1 N3p 0 0
_Nn,l e Nn7n—2 Nn,n—l 0_
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Non-normality indices

Distance to instability spectral abscissa p(A)

Non-normality
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Upper bounds on Apax (W)

if w(A) <0
cost u" if w(A) >0

= ()

and g > 1 when w(A) > 0.

where the exponent is
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Upper bounds on Apin(W)

cost vm  if w(A) <0

)\min(W) < m
— if w(A) >0
sy A
where the exponent is
AL+ ()
Al = w(A)

and v < 1 when w(A) < 0.
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Conceptual picture

n grows

/\min (W)

n grows

w(A) <0 w(A) >0

parameter influencing the matrix non-normality
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Example: line

Amax(W)
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Example: random geometric graph

upper bound general

1090 - I
0 6 =12, n =100, m =15 : /
1070 - |
5 |
10 l
/ 1071+ |
n=100,m=256="7 I
1072 - !
1 10
(0%
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Example: line

5
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Example: random geometric graph

upper bound general

103' [
1001 6=12,n=100,m=15 !

103 1 |
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|
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Other upper bounds

Upper bounds involving k() non-normality index

k(V)?

Amax(W) < (A

2a

where the exponent is
2
Vb—+/a
v=|——
Vb+/a

()
N

— e

ha

k(V)* oy

Vm
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Concluding remarks

© Take home message: Controllability improves when we add control
nodes, we get close to instability, we have a
non-normal=anisotropic network.

@ A general network wise characterization of non-normality is quite
elusive.

© Finding lower bounds is much harder because it involves the choice of
a strategy for input nodes positioning.

@ For the single input case we have nice estimates of the exponential
decay rate for the minimum eigenvalue and the determinant indices.

© More can be said for cycle free (tree) networks.
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